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Abstract

By applyingdisplacemeninapsto slightly perturbtwo free—formsurfaces,
one can ensureexact agreemenbetweenthe imagesin  ° of parameter
domainapproximationgo their curve of intersection.Thus,at the expense
of slightly alteringthe surfacesin thevicinity of theirintersectiona perfect
matchingof the surfacetrimming curvesis guaranteed.This exact agree-
mentof contiguoudrimmedsurfacesis essentiato achieving topologically
consistentolid model constructionghroughBooleanoperationsand has
a profoundimpacton the ef ciency andreliability of applicationssuchas
meshing,rendering,and computingvolumetric properties. Moreover, the
control point perturbationgequireonly the solutionof a linear systemfor
their determination.The basicprinciplesof this approacho topologically
consistensuriacetrimming curvesaredescribedandexampleresultsfrom
theimplementatiorof a simpleinstanceof the methodarepresented.
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1 Intr oduction and motivation

At theworkshopon MathematicaFoundationsof ComputerAidedDesign heldat
theMathematicaBciencefResearclnstitute,Berkeley in Junel999,theproblem
of formulatingalgorithmsfor topologicallyconsistentepresentationsf trimmed
surfacesemepgedasacritical challengeconfrontingthecomputeraidedgeometric
designresearcicommunity Althoughthis problemis not new, enhancements
theef ciency of bothhardwareanddownstreamapplicationsoftwarehave caused
thelack of robustnessandstagnatiorof trimmedsurfacealgorithmsto becomea
seriousconcern. Motivatedby suchconsiderationsthis paperpresentsmethods
to achieve exacttopologicalconsisteng of trimmedBézier/B—splinesurfaces.

Currentcomputeraidedgeometriadesignsystemsely primarily ontheuseof
(piecavise) polynomialandrationalparametricsurfacesto describe‘free—form”
shapessuchasautomobilebodies,turbineor propellorblades aircraftfuselages
andwings,andshiphulls. Each“patch” of sucha surfaceis theimageof asimple
(i.e., triangularor rectangularparametedomainunderavectormapto 3.

In certainapplicationshowever, it maynotbepossibleo preciselyspecifythe
desiredportionof a surfaceastheimageof atriangularor rectangulaparameter
domainundera polynomialor rationalmap. Whensolid modelsareconstructed
by Booleanoperationsfor example,it is necessaryo trim surfacepatchesalong
their curvesof intersection. Such“trimmed surfaces”alsoarisein constructing
offsetsurfacesplendsurfaces sweptvolumesof moving objects,andmary other
contets. It is, in generalijmpossibleto describethe exactintersectionof free—
form surfacesby rational parameterizationsand algorithmsfor approximating
trimmedsurfaceq19] oftenincur “gaps” or “overlaps’betweertrimmedpatches
(seeFigurel). A commonapproachs to simply replacehegivensmoothanalytic
surfacesby polyhedralapproximationssurfacetrimming canthenbe performed
withouttheneedfor fundamentallynew algorithmsor representationst is widely
recognizedhowever, thatsuchpolyhedraimodelsareunsatiséctoryfor precision
engineeringpplicationdgnvolving aerodynamigerformancegontactkinematics
or dynamicsdetailedstressanalysesetc.

Theabsencef truly “robust” trimmedsurfacealgorithmsandrepresentations
posesa critical impassdor the ef cient andsystematiausageof CAD modelsin
downstreamapplicationsComputationaluid dynamicdgs atypicalexample[10]
— while surfaceandvolumemeshingalgorithmstypically runin justafew hours,
giventopologicallyconsistentnput geometryandthe o w computationsrealso
veryfast,they mustbeprecededy alaborious‘geometrypreparatiorandrepair”
phase.This involvesmanualinterventionto identify andremedythe topological



Figurel: The“Utah teapot’cut with abicubicpatch.Theintersections approx-
imatedby surfacetrimming curves,creatinga gapbetweernthe trimmedsurfaces.

defects(i.e., unintendedyapsor overlapsbetweenadjacentrimmedsurfaces)of
themodel,andmay consumeveeksor evenmonthsto renderthe CAD modelin
asufciently “watertight” statefor the meshingalgorithm.

Thisimbalanceof effort is especiallyintolerablein designoptimization,where
frequentalterationsto the modelgeometryare invoked. Advancesin computer
hardware,meshingalgorithms,and nite—elementcodesjn thefaceof a stagnant
state—of-the—afbr robusttrimmedsurfaces have exacerbatedhis problem.The
economidmpactof asolutionto thisimpassein termsof improvedef ciency and
accelerateg@roductdevelopmentycles,hasbeenestimatedo runto hundredsof
millions or evenbillions of dollarsannually

Tenso+productbicubicpatchesareperhapghemostcommonlyusedsurfaces
in CAD systems. Unfortunately the possibility of an exact trimming for such
surfacess precluded21] by theremarkablyhigh degreeof their intersections—
namely 324 whenregardedas algebraicspacecurves, and 54 in eachvariable
whenexpressedn the surface parameteddomains. Whereasan algebraicspace
curve mustbeof genud) to admitrationalparameterizatiortheintersectiorcurve
of two bicubicsurfacepatchess genericallyof genus433— seg[15].

For mary applicationsgexactitudeof the surfacetrimming curve is not critical
providedwe canguaranteghatanapproximations (i) “suf ciently close”to the
true intersectionand (ii) topolagically consistent Property(ii) refersto the fact
that,for surfacetrimming, we requirethreerepresentationsf theintersection—
onein eachof thetwo surfaceparametedomainsandonein 2. To avoid gaps
andoverlapsbetweenthe trimmed surfaces thesedistinct representationef the
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intersectiommustde ne exactlythe samecurve

We proposea surfacetrimming procedurehatincorporatesoth the features
(i) and(ii) above. Whereagheaccurag of intersectiorcurve approximation$as
beenaddressedby previous authors(see[18] for a review) we believe that the
schemeproposecdhereinoffersthe rst explicit embodimenbf the “consisteng
property”(ii) for theBézier/B—splinesurfaces commonlyusedn computerided
designandgeometricmodeling. The key ideais that, givensufciently accurate
approximationof the intersectioncurve in the surface parameteldomains,we
take theliberty of perturbingthe surfacesn the vicinity of their intersectionso
thatthe mappingf thecurvesto 2 agreeexactly— in termsof bothgeometry
and parameterizationPrior work [2, 9, 13, 14] hasfailed to achieve this elusve
“holy grail” of topologicallyconsistentrimming for Bézier/B—splinesurfaces.

This ideawas rst suggesteat the Workshopon MathematicalFoundations
of ComputerAidedDesign— afollow—upto the SIAM Workshopon Integration
of CAD and CFD, heldat UC Davis [10] in April 1999, at which the impactof
inconsistentrimmedsurfaceson meshingandcomputationaluid dynamicswas
recognized We shov herethatthe perturbationgequiredto achieve consisteng
canbe obtainedby solving a systenof linear constiaints on the surfacecontrol
pointsin the vicinity of any smooth,monotonentersectionsegment. Moreover,
we canusesubdvision or degreeelevationto ensurethe availability of sufcient
degreesof freedomto simultaneouslhgatisfythe constrainiequationsandachiese
anadequatehaccurateapproximatiorof thetrueintersection.

Our planfor this paperis asfollows. To apply the perturbationschemeit is
necessaryo rst performa topologicalanalysisof the intersectioncurve in the
surfaceparametedomainsandto dissectt into “simple” smoothsegments:this
processs brie y summarizedn 2. Thebasicprinciplesgoverningthe selection
of control point perturbationsjn orderto achieve consisteng of the trimming
curves,aredescribedn 3, andtheapproximatiorof intersectiorcurve sggments
is discussedn 4. For brevity, we presentesultsfrom only a simpleillustrative
implementatiorof the methodin 5, in the contet of linearintersectiorapprox-
imationsin the parameterdomainsof bicubic surfacepatches.In this case,only

ve control points needto be perturbed,andthe perturbationscan be found in
anuncoupledmanner Finally, 6 concludeswith anassessmertf the potential
for practicaluseof this perturbationschemeanda brief discussiorof topicsfor
furtherstudy Theappendixsummarizesomekey algorithmsfor Bernstein—form
polynomials thatareextensvely usedin the perturbatiorprocedure.

1See[1, 17] for relatedmethodson thetrimming of free—formsubdision surfaces.



2 Pre—preprocessinghe intersection

Beforeinvoking the surfaceperturbationrschemeywe subjectthe trueintersection

curve to certainpre—processingtepsin orderto resol\e its topologyandto split

it into “simple” smoothmonotonesggments amenableéo approximation.
SupposéehegivensurfacesaretensorproductBézierpatchesle nedin terms

of theBernsteinbasisbf t T 1 t " it'in theform

pst & & pib)shyt st 01 01
j 0k 0
g &

quv a a qbj ubgv uv 01 01
j 0k 0

For brevity, we focus® on tensorproductsurface patches althoughthe method
canbereadily adaptedo B—splinesurfaces triangularpatchesegtc. To identify
seggmentsthataremonotonewith respecto boththe parametersn eachsurface,
we dissectthe intersectionat all turning points which may be identi ed asreal
solutionsto thesystemsf four equationsn thefourunknovns st uv. 01 4
de ned by thevectorcondition

pst guyv
andeachin turn of thefour scalarconditions

Ps Pt Qu v Pps O Ps Pt Qu v pt O

Ps Pt Qu Qv dqu O Ps Pt Qu v av O

Thesemaybesolvedby root— nding methoddor Bernstein—fornpolynomials—
e.g.,[23]. Figure2 givesaschematigllustrationof the pre—processingrocedure.
A topologicalanalysisnustalsobe performedto establisthow themonotone
segmentgdenti ed in this mannerareconnected— see for example,[8, 11,12].
It sufces, in the presentontet, to notethatthe outputof thetopologyanalysis
is asetof pairedrectangulasub—patchesf theoriginal surfacepatcheseachpair
beingcharacterizedby the propertythattheir commonintersectioncomponents

2We shallalsocon ne our attentionto “generic” intersections:degenerateasessuchasthe
presencef singularpointsor coincidencewith a surfaceisoparametecurve, canbe handledby
suitablespecial-casprocedures.
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Figure 2: Left: two intersectingbicubic patches.Right: the pre—processingf
their intersectionin the two surface parameterdomains. Point B is a vertical
tangenyg in the parametedomainof the yellow surface,and C is a horizontal
tangeng in the parametedomain of the blue surface. A andD lie on patch
boundariesThesubdvisioninto sub—patchesyithin whichtheintersectiorcurve
is monotonewith respecto eachsurfaceparameteris illustrated.

asmooth,monotonesggmenttraversingthesesub—patchebetweerdiametrically
oppositecorners.

For corveniencenvealsoassumehat,if p st andq u v aretwo sub—patches
satisfyingthesecriteria,they areparameterizednthedomain 0 1 0 1 with
the intersectionsegmentconnectingthe oppositecorners 0 0 and 1 1 . Each
sub—patclis representebly its own Béziercontrolnet. Moreover, we assumehat
the portionof thesub—patctp st thatis to betrimmedaway is boundedby the
intersectioncurve andthesidess 0Oandt 1. Likewise,theportionof q u v
to betrimmedaway is boundedoy theintersectiorcurve andthesidesu 0 and
v 1. Thesestipulationsare easilysatis ed by suitablere—parameterizationsf
thesub—patches.

3 Outline of perturbation scheme

Perturbationrschemesave previously beeninvoked [22] to enforcetopological
consisteng of geometriomodels thoughprimarily in the piecavise—linearealm.
Recently thesemethodshave also beenextendedto subdvision surfaces. Our
presentintentis to describetheir applicationto the ubiquitousBézier/B—spline
representationsf computeraidedgeometricdesign.

Giventwo tenso+productBézier patches supposewve postulatepolynomial



parameterization@vith commonparametek) of theirintersectiorsegmentin the
surfaceparametedomainsof theform

m m
sx asb™x tx Qtb"x (1)
i 0 i 0
and
m m
ux Qub™x vx §vbMx (2)
i 0 i 0

forx 01,withs0 tO0O uO vO Oandsl t1 wul v1i

1. Theexactintersectiordoesnot ordinarily admitsucha parameterizatiofsince
it is not, in generalarationalcurwe). However, by takingtheliberty of perturbing
the surfacesslightly, we canforce sucha parameterizatiorio be exact for the

intersectionof the perturbedsurfaces. To determinethe requiredperturbations,
we de ne an “error curwe” by taking the vector differenceof the imagesof the

curves(1l) and(2), de nedin the surfaceparametedomainsunderthe mappings
pst andg uv — namely

n n
e X éépjkaSX by t X qikaUX by Vv X
j 0k 0
Usingthearithmeticandcompositioralgorithmsfor Bernstein—fornpolynomials
(seethe appendix)this canbe expressedsa univariatevectorpolynomial

ex Q eb®™x
i 0

of degree2mnin x. Ourgoalistomakee x 0, for which we musthave
g 0 i O 2mn 3)

Now thecoefcients g emndependinearlyuponthe2 n 1 2 vectorcontrol
pointspjx andgjk of the two surfaces,andnon-linearlyonthe4 m 1 scalar
coefcients of s x ,t x ,u x , v x . Ourstratgy is to computethelattera priori
to satisfy geometricalinterpolationor smoothnesgriteria, and perturbonly (a
subsetof) the surfacecontrol pointsto achiere the compatibility conditions(3)
for theintersectiorcurve in thespacesst , uv ,and 3.
Therequiredperturbationsarefound by solving a linear systemof constraint
equations.Furthermoreye canmaintaina prescribedrderof continuity (C* or
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nearly-C1) of theperturbedtrimmed)patchwith contiguougpatchesf theparent
surface. The feasibility of this schemes predicatedon ensuringa “suf ciently
accurate”initial approximationof the intersectionsegment— as a measureof
this, we mayusethe quantity

D max psx tx qux VX
x 01

This canbe computedwith standardnethodq16] by expressinghe quantityon
theright in Bernstein—Bzierform. Althoughformal solutionsexist evenfor large
D values,the surfaceperturbationghey incur may be unreasonabléor practical
purposesThe needto subduethe error D belov someprescribedoleranceas not
an unduly onerousrequirement— it can generallybe achiezed by subdviding
the patchinto smallerelementspver which theintersectionis amenablé¢o more
accurateapproximation.

To obtain the linear dependencef the compatibility conditions(3) on the
surface control points explicitly, the compositionof the polynomialss x , t x
andu x , v x with eachof the Bernsteirbasisfunctionsis written asfollows

ngn ngn
b s x a Sjabi" x by t X a twbp™" x
ao b0
and
rgn rgn
b u x a ujabi" x bg v x a Vkebp" X
ao b 0

Then,by the productrule [7] for polynomialsin Bernsteirform, we have

n n
o o .
& a alikjk MKk 1 0  2mn (4)
j Ok O
where
min i mn mn  mn
. 2 g 1 g . )
I|]k a — s Siglki g
g max0i mn i
and
min i mn mn  mn
- 2 g g ]
Hijk a smn - YigVki g

g max0i mn i

After trimming,p st isboundedy thetrimmingcurveandtheoriginalpatch
boundaries 1,t 0. Since,in generalwe wish to retainat leasta C° or C!
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connectiorof the trimmedpatchwith the parentsurfacealongtheseboundaries,
we cannotperturball the controlpointspj of p st . For example C° continuity
will requirethatthe2n 1 distinctcontrolpointsppk fork 0 nandpjo for

j O nare x edby the neighboringpatch,andif we desireC! continuity, the

controlpointsp, 1k fork O nandpjiforj O narealso x ed.

Thus, for C° continuity, only n? of the control pointsof p st areavailable
for perturbationwhile for C! continuityonly n 1 2 of thecontrolpointscanbe
perturbed Sincethesameis truefor q u v ,wehave2n®or2 n 1 2 perturbable
control points altogether consistentwith C° or C! continuity, respectiely. To
satisfy the compatibility conditions(3), the numberof free control points must
equalor exceedthe numberof theseconditions,namely
2% 1 2 4n 1

and m

m
2n 2n

for CO andC? continuity, respectiely. Tablel indicateshelargestfeasibledegree
Mmax for variousvaluesof n, and the numberof left—over (vector) degreesof
freedomr for thislargestm.

[N Mnax [ P | [0 ] Mnax| T |
1 1
2 1 |3 2
3] 2 |5 3 1 |1
a1 3 |7 7] 2 |1
5] 4 |9 5 3 |1

Table 1: Maximum approximantdegree and the numberof residualfreedoms,
r 2n 12 2mman 1, forCO(left) andC? (right) continuity.

Thus,for example,bicubicpatchegn 3) allow quadraticapproximationso
the intersectioncurwve in the parametedomainswith 5 residualvectorfreedoms
if we wantCP continuitywith adjacenpatchesandlinearapproximationsvith 1
residualvectorfreedomif we wantC?! continuity, If we wantintersectiorapprox-
imationsof higherordet it is not necessaryhat the original patchesbe greater
thanbicubicin degree,sincewe canusedegreeelevationto increasen (andthus
thenumberof controlpoints),andperturbthe degree—eleatedcontrol points.

Whenp st isrepresentedisadegree—n 1 n 1 ratherthana degree—



n n patch,the controlpointsfor this degree—eleatedrepresentatioare
i k- j k
noin 1Pkt o logTg

j k j k

n 1on 1Pik? n 1 n 1 Pik

1
Pik Pj 1k

1

forO jk n 1 ,wherepjx Oif jorkislessthanO or greaterthann [4].
Thisprocessanbeiteratedto elevatethedegreeofp st to n rn r forary
r 1— theresultingcontrolpointsmaybeexpressed7] as

min a n min b n n r E brk
r ) o) i aj
Pab a a nr nr  Pik (5)
j maxOa r k max0b r a b

forO a b n r.Thecontrolpoints

pnr rk pnr r 1k fork O n.r (6)

and
;

P Py forj 0 nor 7)
arethen x edif we requireC! continuitywith adjacenpatchesalongthe bound-
ariess landt O—theremainingn r 1 2controlpointsmaybeperturbed.

It is necessaryhowever, to rst expressthe coefcients (4) in termsof the
degree—eleatedcontrol points, in orderto enforcethe constrainty3). For this
purposewe needto reverttherelation(5). Sincethe control pointsof a degree—
elevatedrepresentatiomare not linearly independentthis reversionis not unique
— theoriginal controlpointscanberecoveredfromjust n 1 2ofthe n r 12
degree—elegated control points. The form appropriateto the presentcontext is
dened®for0 jk nby

nr k ajlnr kb
Pik éé 1jkabr1 a r
J

i rb

n n pab
a jrbo j k
Notethatthis makesno referenceo thecontrolpoints(6) and(7), whichare x ed

by theC? continuityrequirmentandarenotsubjecto perturbation Thus,if GjLab

3This holdsonlywhenparb forO ab n rarein factthedegree—elgatedcontrol points
for atensorproductsurfaceof truedegree n n .
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denoteghe coefcient* of parb above, the constraintg3) canbewritten as

nr n
o o 1 T ror -

& a alipPap Hapdap O T 0 2mn (8)
a rb o

where
r %03 r r %03 ‘
liao A A liikGjap Map A A MikGjap
j Ok b j Ok b

(we invoke the sameapproacho degree—eleateq u v andassume?! continuity
is enforcedalongthe sidesu 1 andv 0). Thus,if we write the perturbed

controlpointsas
r r r r

pab Dpab and qab anb
forr a n rand0 b n,theperturbationsnustsatisfythelinearsystem

nr n nr n
o o T r r r o o . r _r ror
a alipDry HapDdyy A A Mghap  ianPab
arp o arp o

fori O 2mn Inthecasen 3,m 3,r 2,for exampletheabos/eamounts
to 31 linearequationsn 32 (vector)unknavns,andonemoreconditionis needed
to closethe system— we maytake

" g r g r
a abp, a abay,
arp o arp 0

i.e.,themeanperturbations the samefor bothsurfaces.

The abore method rst approximateghe intersectioncurve in the parameter
domainsof thetwo surfacesandthenseekssurfaceperturbationghatwill cause
theimagesof theseapproximationsn 3 to agreeexactly. Anotherapproactis
to rst approximateheintersectiorin 3, andthen nd surfaceperturbationshat
will causecurvesof appropriatedegreein the surface parametedomainsto be
mappedo this curvein 3. The latter methodoffers fewer degreesof freedom,
but is easierto implementin simplecases— anexampleis describedn 5.

“Note that, for given n andr, thesequantititesare “universal constants’that may be pre—
computedn rationalarithmeticandstoredfor futureuse.
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4  Approximating the intersection segment

As notedabove,thecoefcients thatde ne the parameterdomainapproximations
(1) and(2) of theintersectiorsggmentshouldbe determinedrior to applyingthe
surfaceperturbatiorscheme.The mostbasicrequirementwhich canbe satis ed
by linear m 1 approximationan the surface parameterdomains,is that of
end—pointnterpolation:

SO to w v O and Sy tm Un Vm 1

To obtaina G! piecavise approximationof the intersectionwe may interpolate
endtangents.If sx ,t x andu x , v x de ne the exactintersectionjt hasthe
spatialparameterization

rx psx tx qux Vvx x 01

Denotingderivativeswith respecto x by primes,we have

r pss  pit quu  qw (9)

andtaking the dot productsof the above expressionswith ps  pt andqy  qv,
respectrely, we obtaintheratios

st Qu Ov Pt du Qv Ps
u:v Ps Pt Qv: Ps Pt Ju

Substitutingtheseexpressiondnto (9) and using standardvector identities, we
have

r cps Pt Qu Qv (20)

forc 0,i.e.,thedirectionof thecurve tangenis the crossproductof thesurface
normals.The parametec maybeusedto x themagnitude®f st and u v
asfollows. Let

L ri ro0 pll po0oO gll qoOO

bethechordlengthof theintersectiorcurve segment. The actualvaluesof s t
and u v atx Oandx 1aredeterminedy requiringthat

ro r 1 kL
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wherek is afactor someavhatgreateithanl, allowing for thegreatedengthof the
intersectiorcurve segmentthanthe chordbetweerthe endpoints. We obtain

c KL (11)
Ps Pt qu Qv

andhencethedesiredvaluesof theend—denativesare

Qu Qv Pt Qu Qv Ps
Ps Pt Qu Qv

st kL

and
Ps Pt Qv Ps Pt du

Ps Pt Qu Qv
wherethe surfacederivativesareevaluatedat st u v 0000 ifx O,and

at stuv 1111 ifx 1. Whenm 3, for example,the coefcients of
S X in (1) arethusgivenby

uv kL

s 0

3005103

sl
s 1 3 ss 1
Analogousexpressionsold for thecoefcients oft x ,u x ,v x .

Onemay; in principle,usehigherorderapproximationgor (1) and(2), taking
advantageof the additionaldegreesof freedomto interpolatefurthergeometrical
propertiesof the intersectioncurve. Second-ordedifferentialpropertiesmay be
derivedby consideringhe expressions

r Pss Pt pssS?  2pgst  put?
quu qvv QUUUZ 2quu v qVVV2

Itermediatgointdatamayalsobeinterpolatedr approximatedby aleast—squares
method.See[20] for furtherdetailson approximatingntersectiorsegments.

5 lllustrati veimplementation

Implementatiorof the perturbationscheme asdescribedabove, is a substantial
taskthat shouldbe supportedby a carefulanalysisof the conditionof the linear
systemand optimal stratgyiesto bestutilize the residualdegreesof freedom. A
thoroughtreatmentof theseissuesis deferredto a future study: we con ne our
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attentionhereto implementatiorof a simpleinstanceof the perturbatiorscheme,
using bicubic displacementmaps. This exampleillustratesthe basicprinciples,
andadmitsa simpleclosed—formsolutionfor therequiredsurfaceperturbations.

The context for thisimplementations theintersectionof two bicubic surface
patchesde ned by

3 3 3 3
pst A apibisbit quv g 4 amb’ubjv
j 0k 0 | om 0
for st 01 Olanduv 01 O01,respectrely. Themethodcan
alsobegeneralizedo rationalbicubicsby working in projectve 4—space.

We assumehe pre—processingtepsof 2 have beeninvoked, sothatp st
andqg u v intersectin a single curve segment,extendingfrom 00 to 11
in the parametedomainof eachsurface. The portionof p st boundedby the
intersectioncurve andthe patchsidess 0 andt 1 is to be trimmedaway.
Similarly, theportionof g u v boundedy theintersectiorandu Oandv 1lis
to betrimmedaway. In the surfaceparametedomainswe shallusethe simplest
possibleapproximationfor the intersectioncurve — namely the diagonalline
sggmentde ned by

sx tx X and ux VX X (12)

Note that the imagesof theseapproximationsn 2 underthe vectormappings
p st andq u v arepolynomialcurvesof degree6.

Formally, we only requireC® continuity of the retainedportionof p st with
adjacentpatchesalongthe sidess 1 andt 0, andlikewise for theq u v
alongthesidesu 1andv 0. In practice however, we usuallyobtainnearG?
continuity— discrepancies thetangent—planerientationareusually 1 , and
this error can be further reducedby increasingthe number(and decreasinghe
size)of thedisplacemeninaps.

To obtaina simple closed—formsolutionfor the control—pointperturbations,
we usean approactslightly differentfrom thatof 3. Namely we rst construct
anapproximatiorof degree6 to thetrueintersectiorsgmentin - 2, andwe then
forcetheimagesof the parameterdomainapproximationg12) to agreewith this
curvein 3 by perturbingthe surfacecontrol points. This hasthe advantageof
decouplingheperturbationgor thetwo surfacesandallows usto ensurehatthe
approximatiorsatis esa prescribedyeometricatolerance.Supposehe approxi-
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mateintersectioris givenby

6
rx  drbfx (13)
i 0
By constructionwe haver 0 ro poo Jooandr 1  rg P33z Qszas
endpoints. For endtangentsywe use(10) evaluatedat st uv 00 and
1 1 . Thus,for suitablechoicesof k in (11), the rst and fth control pointsof
r X aregivenby
r q r

I’1 ro T an r5 r6 T
Theintermediateontrolpointsro r3 r4 aretypically x edthroughaleast—squares
t ofr x tosereral(typically 10) pointssampledalongthetrueintersectiorcune.
Themethodof [24] is usedto assignparametewaluesin this tting process.

Considemow theerror curvesde ned for eachsurfaceby
€ X rx pxx €y X r< gxx (14)

— i.e., the differenceshetweenthe approximatantersectioncurve (13) andthe
imagesof the parameterdomaincurves(12)in 2. In orderfor the latter curves
to coincidewith theformer, we musthavee, x  Oandey x 0. Notethatthe
two error curves(14) are of degree6 — we shall denotetheir control points by
€0 €6 andeqo €q6-

Now the controlpointsof theerrorcurve e, x aregivenby
mini 3 3 3
[o] | J

€pi ri a 5

i

j max0i 3

Pji j i O 6

andsimilarly for g x , with pj; jreplacedoyqji ;. Inparticulare,o €e O
by constructionandthe remainingcontrolpointsare

&1 r Po1 : P1o
3

&2 r Po2 %11 P20
9

&3 s Po3 p122 - P21 P3o
3

e r4 P13 [;22 P31

& s P23 . P32
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Similarly for thecontrolpointsof eq X .
Theimagein 2 of the parameterdomaincurve sx t x de ned by (12)
will matchthe approximatentersectiorcurve (13) exactly if we canensurehat

1 €2 €3 €4 €5 O (15)

To satisfy theseconsisteng conditions,we use perturbedcontrol points pjx
Pjk Dpjk. The sameapproachs alsousedfor the surfaceq u v . Underthe
appropriatgerturbationsthe perturbedsurfaceswill satisfy

Ppsx tx gux vx rx

Now sincetheconsisteng conditions(15) amountto ve (vector)constraintsye
perturbonly the veboundarycontrolpoints

Po1 Po2 Po3 P13 P23 (16)

Thesepointshave leastin uence on the retainedportion of the timmedsurface
alongthesidess 1,t 0 adjacento otherpatcheof the parentsurface.Thus,
althoughwe formally imposeonly C° continuity along thesesides,in practice
the departurérom C! continuitywill typically be quite small. The control point
perturbationgor g u v aretreatedn exactly thesamemanner

Onreplacingpjk by pjx  Dpjk in equationg15), andassuminghatthe only
non-zergerturbationsrethoseassociateavith theboundarycontrolpoints(16),
we obtaintherequiredperturbation®xplicitly as

Dpor  2r1 pPor Pio

Dpo2  5r2  poz 3pi1 P20

Dpos  20r3  poz 9p12 9p21 P3o

Dpiz  5ra  piz 3p22 P31

Dp2s  2rs  p23 P32 (17)

Therequiredperturbationgor thecontrolpointsof q u v aregivenby analogous
expressions Note that, if onesurfaceis planarandthe approximatdantersection
curve (13)is alsoplanar theseperturbationsvill notcompromisehe planarity
Thesstratgy for determiningthe unknavn coefcients of (13) andthe control
point perturbationss asfollows. The perturbation$pg1 andDp»3 (andalsoDgo1
and Dq23) dependon the unknown scalark in (10). Valuesare chosenfor this
parameterto minimize the discrepang in surface normalsalong the sidess
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1 andt 0, wherethe trimmed patchis contiguouswith other patchesof the
parentsurface(likewisealongthesidesu 1andv 0 of theotherpatch).Once
appropriatek valuesarefoundin this manneyr, andrs areknown, andwe can
obtain Dpp1 and Dp»3 from (17); likewise Dgo1 and Dg»3 for the other surface.
Knowing ro, r1 andrs, rg theintermediatecoefcients ro, r3, r4 arecomputedy
the least—square$, andtheremainingperturbationdpg, Dpos, Dp13 canthen
befoundfrom (17); likewisefor Dgoz, Dgos, Dg13.

Figure3: Resultfrom applyingthe surfaceperturbatiorschemeo the patchesn
Figure2 overthedomainrectangleCD. Colorsindicatethe Hausdorf measuref
the perturbatiorerror.

Figure4: Resultsfrom splitting the surfaceperturbationdomainsof Figure 3 in
half (left) andin quarterqright).

Resultsfrom animplementatiorof the above schemeareshavn in Figures3
and4. This exampleemplgys the patchesof Figure2, over the domainrectangle
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CD. Figure4 illustrateshow theapproximatiorerrorcanbebefurthersubduedy
splitting the perturbatiordomains.The solid blueregionsarenot perturbecat all.

By usinga greatemumberof smallerperturbationdomains,the Hausdorf error

diminishesrapidly. For computergraphicsapplicationsthe single perturbation
shavnin Figure3 will probablysufce.

Figureb: A “watertight”planesectionof the Utahteapot.

Figure6: Resultsfrom splitting in half the perturbatiordomainsn Figure5.

The examplein Figure5 shows the teapotsliced by a plane,with the log of
the Hausdorf error againpaintedon the patches.The error regionsindicatethe
boundarie®f theteapotpatcheghatareintersectedy the plane.Figure6 shavs
whathappendo the errorwhenthe perturbatiordomainsarecutin half. Obsere
thatthereis noHausdorf errorontheplane:it is perturbedn plane.Theexample
in Figure7 shavstheteapotslicedby abicubicpatchwith theinitial perturbation
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domains.Theerrorcanbereducedelow ary prescribedoleranceby re ning the
perturbatiordomains.

Figure7: A “watertight’intersectiorbetweerthe Utahteapotandabicubicpatch.

Theperturbatiormethodcanalsobeadaptedo accommodateationalbicubic
surfacepatcheswith the intersectiorapproximatedy arationalcurve of degree
6. Interpretingthe control points and their perturbationsas vectorsin - 4, one
canavoid the degree—doublinghat usually occursin the subtractionof rational
functionswith differentdenominatorslt is alsonecessaryo matchthe weights
of the commonsub—patchcornercontrol points; this canbe accomplishedy a
suitablere—parameterizatioof the surfaces.

6 Closure

A generakchemdor thetopologicallyconsistentepresentationf timmedfree—
form surfaceshasbeenpresentedbasedon nding suitableperturbationsof the
surfacesthatensuresxactmatchingin 3 of theimagesof the parameterdomain
trim curves. Theseperturbationganbe foundby solvingalinearsystem.

An implementatiorof a simpleinstanceof theschemegdescribedn 5, offers
verypromisingresults.In thiscasethedisplacementnapsarebicubic,andcanbe
derivedin closedform. Furthermoreplanesemainplanesunderthis perturbation,
andif onesurfaceis ruledandtheothersurfaceis aplane theintersections exact
andthe Hausdorf erroris zero. As canbe seenin Figure4, corvergenceunder
subdvision is relatively fast. Also, the algorithmruns quickly. The examples
shawvn take lessthana secondf computetime.
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Higherorderversionsof the procedurehave the potentialto offer accurate
approximationsof the intersectioncurve with fewer patches.Perturbationghat
areC! andC? are also possible,using suitably high degrees. However, initial
investigationssuggesthat careful pre—conditioningstrategyies may be neededo
solvethelinearsystem We hopeto reporton thesemethodsn duecourse.

Appendix: Bernstein basisalgorithms

All our algorithmsareformulatedin termsof the Bernsteinbasis

bR t E 1 t" Kk k 0 n
TheBernsteirform is numericallyvery stableg[6, 5] andoffersgeometricainsight
into thegraphof thefunctionor locusde ned in termsof it [4]. We review herea
few basicalgorithmsfor polynomialsin Bernsteinform thatareusedextensvely
in the surfacetrimming procedure— more completedetails(and software) may
befoundin [7, 25].

Productsof polynomials

The productof two Bernstein—fornpolynomials

m n
pt Apb"t and gt 3§ qjb]t
i 0 i o

canbewritten asa polynomialof degreem n,
mo n
ptgt a oby "t
k 0

with Bernsteincoefcients givenby

min mk m kn
o} r r
Ck a —w P&k r k O m n
r maxOk n k
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Composition of polynomials

We are concernedvith computingthe Bernsteincoefcients of the polynomial
wt gpt dened by substitutinga polynomialu pt into apolynomial
gu.lf pt andq u areof degreemandn, respectiely

m
o]

n
pt & pblt and qu § gblu
j o k 0
thenw t is evidently of degreemn,
rgn
wt qpt a wb™t
i 0
The productalgorithm [3] offers an elegantmeansof computingthe Bernstein
coefcients wy Wmn. This algorithmpopulatesa tetrahedrabrrayof numbers

h" asfollows. In the rst level,s 0, weset

hi% Qi fori 0 n
Theentriesfor successielevels,s 1 n, arethencomputedecursvely using
theformula

min joms m mskm 'mk 1 <1
S ] S
by a —m — 1 Pl piokhok
k maxO0j m ]
fori O n sandj O ms Oncethearrayis populatedthe lastlevel
S ncontainghedesiredcoefcients of w t :

n
wj  hg;

] forj O mn
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