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Abstract
By applyingdisplacementmapsto slightly perturbtwo free–formsurfaces,
onecanensureexact agreementbetweenthe imagesin

� 3 of parameter–
domainapproximationsto their curve of intersection.Thus,at theexpense
of slightly alteringthesurfacesin thevicinity of their intersection,aperfect
matchingof the surfacetrimming curves is guaranteed.This exact agree-
mentof contiguoustrimmedsurfacesis essentialto achieving topologically
consistentsolid modelconstructionsthroughBooleanoperations,andhas
a profoundimpacton the ef�ciency andreliability of applicationssuchas
meshing,rendering,and computingvolumetricproperties. Moreover, the
control point perturbationsrequireonly the solutionof a linear systemfor
their determination.The basicprinciplesof this approachto topologically
consistentsurfacetrimming curvesaredescribed,andexampleresultsfrom
theimplementationof asimpleinstanceof themethodarepresented.
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1 Intr oduction and motivation

At theworkshoponMathematicalFoundationsof ComputerAidedDesign, heldat
theMathematicalSciencesResearchInstitute,Berkeley in June1999,theproblem
of formulatingalgorithmsfor topologicallyconsistentrepresentationsof trimmed
surfacesemergedasacritical challengeconfrontingthecomputeraidedgeometric
designresearchcommunity. Althoughthis problemis not new, enhancementsin
theef�ciency of bothhardwareanddownstreamapplicationssoftwarehavecaused
thelack of robustnessandstagnationof trimmedsurfacealgorithmsto becomea
seriousconcern.Motivatedby suchconsiderations,this paperpresentsmethods
to achieveexacttopologicalconsistency of trimmedBézier/B–splinesurfaces.

Currentcomputer–aidedgeometricdesignsystemsrely primarily ontheuseof
(piecewise)polynomialandrationalparametricsurfacesto describe“free–form”
shapes,suchasautomobilebodies,turbineor propellorblades,aircraft fuselages
andwings,andshiphulls. Each“patch” of suchasurfaceis theimageof asimple
(i.e., triangularor rectangular)parameterdomainunderavectormapto �

3.
In certainapplications,however, it maynotbepossibleto preciselyspecifythe

desiredportionof a surfaceastheimageof a triangularor rectangularparameter
domainundera polynomialor rationalmap. Whensolid modelsareconstructed
by Booleanoperations,for example,it is necessaryto trim surfacepatchesalong
their curvesof intersection.Such“trimmed surfaces”alsoarisein constructing
offsetsurfaces,blendsurfaces,sweptvolumesof moving objects,andmany other
contexts. It is, in general,impossibleto describetheexact intersectionsof free–
form surfacesby rational parameterizations,and algorithmsfor approximating
trimmedsurfaces[19] oftenincur “gaps”or “overlaps”betweentrimmedpatches
(seeFigure1). A commonapproachis tosimplyreplacethegivensmoothanalytic
surfacesby polyhedralapproximations:surfacetrimming canthenbeperformed
withouttheneedfor fundamentallynew algorithmsor representations.It is widely
recognized,however, thatsuchpolyhedralmodelsareunsatisfactoryfor precision
engineeringapplicationsinvolving aerodynamicperformance,contactkinematics
or dynamics,detailedstressanalyses,etc.

Theabsenceof truly “robust” trimmedsurfacealgorithmsandrepresentations
posesa critical impassefor theef�cient andsystematicusageof CAD modelsin
downstreamapplications.Computational�uid dynamicsis atypicalexample[10]
— while surfaceandvolumemeshingalgorithmstypically runin justa few hours,
giventopologicallyconsistentinputgeometry, andthe�o w computationsarealso
veryfast,they mustbeprecededby alaborious“geometrypreparationandrepair”
phase.This involvesmanualinterventionto identify andremedythe topological
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Figure1: The“Utah teapot”cut with abicubicpatch.Theintersectionis approx-
imatedby surfacetrimmingcurves,creatingagapbetweenthetrimmedsurfaces.

defects(i.e., unintendedgapsor overlapsbetweenadjacenttrimmedsurfaces)of
themodel,andmayconsumeweeksor evenmonthsto rendertheCAD modelin
asuf�ciently “water–tight” statefor themeshingalgorithm.

Thisimbalanceof effort is especiallyintolerablein designoptimization,where
frequentalterationsto the modelgeometryare invoked. Advancesin computer
hardware,meshingalgorithms,and�nite–elementcodes,in thefaceof astagnant
state–of–the–artfor robusttrimmedsurfaces,haveexacerbatedthisproblem.The
economicimpactof asolutionto this impasse,in termsof improvedef�ciency and
acceleratedproductdevelopmentcycles,hasbeenestimatedto run to hundredsof
millions or evenbillions of dollarsannually.

Tensor–productbicubicpatchesareperhapsthemostcommonlyusedsurfaces
in CAD systems. Unfortunately, the possibility of an exact trimming for such
surfacesis precluded[21] by theremarkablyhighdegreeof their intersections—
namely, 324 when regardedasalgebraicspacecurves,and54 in eachvariable
whenexpressedin the surfaceparameterdomains.Whereasan algebraicspace
curvemustbeof genus0 to admitrationalparameterization,theintersectioncurve
of two bicubicsurfacepatchesis genericallyof genus433— see[15].

For many applications,exactitudeof thesurfacetrimmingcurve is notcritical
providedwe canguaranteethatanapproximationis (i) “suf�ciently close”to the
true intersection,and(ii) topologically consistent. Property(ii) refersto the fact
that,for surfacetrimming,we requirethreerepresentationsof theintersection—
onein eachof thetwo surfaceparameterdomains,andonein �

3. To avoid gaps
andoverlapsbetweenthe trimmedsurfaces,thesedistinct representationsof the
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intersectionmustde�ne exactlythesamecurve.
We proposea surfacetrimming procedurethat incorporatesboth thefeatures

(i) and(ii) above. Whereastheaccuracy of intersectioncurveapproximationshas
beenaddressedby previous authors(see[18] for a review) we believe that the
schemeproposedhereinoffers the �rst explicit embodimentof the “consistency
property”(ii) for theBézier/B–splinesurfaces1 commonlyusedin computeraided
designandgeometricmodeling.Thekey ideais that,givensuf�ciently accurate
approximationsof the intersectioncurve in the surfaceparameterdomains,we
take the liberty of perturbingthesurfacesin thevicinity of their intersection,so
thatthemappingsof thecurvesto �

3 agreeexactly— in termsof bothgeometry
and parameterization.Prior work [2, 9, 13, 14] hasfailed to achieve this elusive
“holy grail” of topologicallyconsistenttrimming for Bézier/B–splinesurfaces.

This ideawas�rst suggestedat theWorkshopon MathematicalFoundations
of Computer–AidedDesign— afollow–upto theSIAM WorkshoponIntegration
of CAD and CFD, held at UC Davis [10] in April 1999,at which the impactof
inconsistenttrimmedsurfaceson meshingandcomputational�uid dynamicswas
recognized.We show herethat theperturbationsrequiredto achieve consistency
canbe obtainedby solving a systemof linear constraintson the surfacecontrol
pointsin thevicinity of any smooth,monotoneintersectionsegment. Moreover,
we canusesubdivision or degreeelevationto ensuretheavailability of suf�cient
degreesof freedomto simultaneouslysatisfytheconstraintequationsandachieve
anadequatelyaccurateapproximationof thetrueintersection.

Our plan for this paperis asfollows. To apply theperturbationscheme,it is
necessaryto �rst performa topologicalanalysisof the intersectioncurve in the
surfaceparameterdomains,andto dissectit into “simple” smoothsegments:this
processis brie�y summarizedin � 2. Thebasicprinciplesgoverningtheselection
of control point perturbations,in order to achieve consistency of the trimming
curves,aredescribedin � 3, andtheapproximationof intersectioncurvesegments
is discussedin � 4. For brevity, we presentresultsfrom only a simpleillustrative
implementationof themethodin � 5, in thecontext of linear intersectionapprox-
imationsin theparameterdomainsof bicubicsurfacepatches.In this case,only
� ve control pointsneedto be perturbed,and the perturbationscanbe found in
anuncoupledmanner. Finally, � 6 concludeswith anassessmentof thepotential
for practicaluseof this perturbationschemeanda brief discussionof topicsfor
furtherstudy. Theappendixsummarizessomekey algorithmsfor Bernstein–form
polynomials,thatareextensively usedin theperturbationprocedure.

1See[1, 17] for relatedmethodson thetrimmingof free–formsubdivisionsurfaces.
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2 Pre–preprocessingthe intersection

Beforeinvoking thesurfaceperturbationscheme,we subjectthetrueintersection
curve to certainpre–processingstepsin orderto resolve its topologyandto split
it into “simple” smoothmonotonesegments,amenableto approximation.

Supposethegivensurfacesaretensor–productBézierpatchesde�ned in terms
of theBernsteinbasisbn
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For brevity, we focus2 on tensor–productsurfacepatches,althoughthe method
canbe readily adaptedto B–splinesurfaces,triangularpatches,etc. To identify
segmentsthataremonotonewith respectto boththeparameterson eachsurface,
we dissectthe intersectionat all turning points, which may be identi�ed asreal
solutionsto thesystemsof four equationsin thefour unknowns
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�� 0 	 1 �

4

de�ned by thevectorcondition

p
�

s	 t �
� q
�

u 	 v�

andeachin turn of thefour scalarconditions

�

�

ps � pt ���

�

qu � qv ����� ps � 0 	 �

�

ps � pt ���

�

qu � qv ����� pt � 0 	

�

�

ps � pt ���

�

qu � qv ����� qu � 0 	 �

�

ps � pt ���

�

qu � qv ����� qv � 0 �

Thesemaybesolvedby root–�nding methodsfor Bernstein–formpolynomials—
e.g.,[23]. Figure2 givesaschematicillustrationof thepre–processingprocedure.

A topologicalanalysismustalsobeperformed,to establishhow themonotone
segmentsidenti�ed in thismannerareconnected— see,for example,[8, 11,12].
It suf�ces, in thepresentcontext, to notethat theoutputof thetopologyanalysis
is asetof pairedrectangularsub–patchesof theoriginalsurfacepatches,eachpair
beingcharacterizedby thepropertythat their commonintersectioncomponentis

2We shall alsocon�ne our attentionto “generic” intersections:degeneratecases,suchasthe
presenceof singularpointsor coincidencewith a surfaceisoparametercurve, canbehandledby
suitablespecial–caseprocedures.
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Figure2: Left: two intersectingbicubic patches.Right: the pre–processingof
their intersectionin the two surfaceparameterdomains. Point B is a vertical
tangency in the parameterdomainof the yellow surface,andC is a horizontal
tangency in the parameterdomainof the blue surface. A and D lie on patch
boundaries.Thesubdivisioninto sub–patches,within whichtheintersectioncurve
is monotonewith respectto eachsurfaceparameter, is illustrated.

asmooth,monotonesegmenttraversingthesesub–patchesbetweendiametrically
oppositecorners.

For conveniencewealsoassumethat,if p
�

s	 t � andq
�

u 	 v� aretwo sub–patches
satisfyingthesecriteria,they areparameterizedon thedomain � 0 	 1 ����� 0 	 1 � with
the intersectionsegmentconnectingthe oppositecorners

�

0 	 0� and
�

1 	 1� . Each
sub–patchis representedby its own Béziercontrolnet.Moreover, weassumethat
theportionof thesub–patchp

�

s	 t � that is to betrimmedaway is boundedby the
intersectioncurve andthesidess � 0 andt � 1. Likewise,theportionof q

�

u 	 v�

to betrimmedaway is boundedby theintersectioncurve andthesidesu � 0 and
v � 1. Thesestipulationsareeasilysatis�ed by suitablere–parameterizationsof
thesub–patches.

3 Outline of perturbation scheme

Perturbationschemeshave previously beeninvoked [22] to enforcetopological
consistency of geometricmodels,thoughprimarily in thepiecewise–linearrealm.
Recently, thesemethodshave also beenextendedto subdivision surfaces. Our
presentintent is to describetheir applicationto the ubiquitousBézier/B–spline
representationsof computeraidedgeometricdesign.

Given two tensor–productBézierpatches,supposewe postulatepolynomial
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parameterizations(with commonparameterx) of their intersectionsegmentin the
surfaceparameterdomains,of theform
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1. Theexactintersectiondoesnotordinarilyadmitsuchaparameterization(since
it is not, in general,a rationalcurve). However, by takingtheliberty of perturbing
the surfacesslightly, we can force sucha parameterizationto be exact for the
intersectionof the perturbedsurfaces. To determinethe requiredperturbations,
we de�ne an “error curve” by taking the vectordifferenceof the imagesof the
curves(1) and(2), de�ned in thesurfaceparameterdomains,underthemappings
p
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Usingthearithmeticandcompositionalgorithmsfor Bernstein–formpolynomials
(seetheappendix),this canbeexpressedasaunivariatevectorpolynomial
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x � . Ourstrategy is to computethelattera priori
to satisfy geometricalinterpolationor smoothnesscriteria, and perturbonly (a
subsetof) the surfacecontrol points to achieve the compatibility conditions(3)
for theintersectioncurve in thespaces
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3.
Therequiredperturbationsarefoundby solvinga linearsystemof constraint

equations.Furthermore,we canmaintaina prescribedorderof continuity (C1 or
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nearly–C1) of theperturbed(trimmed)patchwith contiguouspatchesof theparent
surface. The feasibility of this schemeis predicatedon ensuringa “suf�ciently
accurate”initial approximationof the intersectionsegment— as a measureof
this,wemayusethequantity
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This canbecomputedwith standardmethods[16] by expressingthequantityon
theright in Bernstein–B́ezierform. Althoughformalsolutionsexist evenfor large
D values,thesurfaceperturbationsthey incur maybe unreasonablefor practical
purposes.Theneedto subduetheerrorD below someprescribedtoleranceis not
an unduly onerousrequirement— it cangenerallybe achieved by subdividing
thepatchinto smallerelements,over which the intersectionis amenableto more
accurateapproximation.

To obtain the linear dependenceof the compatibility conditions(3) on the
surfacecontrol points explicitly, the compositionof the polynomialss
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Then,by theproductrule [7] for polynomialsin Bernsteinform, wehave

ei �

n

å
j � 0

n

å
k� 0

l i jkp jk � µi jkq jk 	 i � 0 	 � � � 	 2mn 	 (4)

where

l i jk �

min � i � mn�

å
g� max� 0 � i � mn�

�

mn
g �

�

mn
i � g�

�

2mn
i �

sjgtk � i � g 	

and

µi jk �

min � i � mn�

å
g� max� 0 � i � mn�

�

mn
g �

�

mn
i � g�

�

2mn
i �

u jgvk � i � g �

After trimming,p
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s	 t � isboundedby thetrimmingcurveandtheoriginalpatch
boundariess � 1, t � 0. Since,in general,we wish to retainat leasta C0 or C1
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connectionof the trimmedpatchwith theparentsurfacealongtheseboundaries,
wecannotperturball thecontrolpointsp jk of p

�

s	 t � . For example,C0 continuity
will requirethat the2n

�

1 distinctcontrolpointspnk for k � 0 	 � � � 	 n andp j0 for
j � 0 	 � � � 	 n are�x edby theneighboringpatch,andif wedesireC1 continuity, the
controlpointspn � 1 � k for k � 0 	 � � � 	 n andp j1 for j � 0 	 � � � 	 n arealso�x ed.
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equalor exceedthenumberof theseconditions,namely
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freedomr for this largestm.
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2 1 3
3 2 5
4 3 7
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Table 1: Maximum approximantdegreeand the numberof residualfreedoms,
r � 2

�

n � 1�

2
�

�

2mmaxn
�

1� , for C0 (left) andC1 (right) continuity.

Thus,for example,bicubicpatches(n � 3) allow quadraticapproximationsto
the intersectioncurve in theparameterdomainswith 5 residualvectorfreedoms
if we wantC0 continuitywith adjacentpatches,andlinearapproximationswith 1
residualvectorfreedomif wewantC1 continuity. If wewantintersectionapprox-
imationsof higherorder, it is not necessarythat the original patchesbe greater
thanbicubic in degree,sincewe canusedegreeelevationto increasen (andthus
thenumberof controlpoints),andperturbthedegree–elevatedcontrolpoints.
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Notethatthismakesnoreferenceto thecontrolpoints(6) and(7), whichare�x ed
by theC1 continuityrequirment,andarenotsubjectto perturbation.Thus,if G� r �
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for a tensor–productsurfaceof truedegree 	 n � n
 .
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denotesthecoef�cient 4 of p � r �

ab above,theconstraints(3) canbewritten as
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i.e., themeanperturbationis thesamefor bothsurfaces.
The above method�rst approximatesthe intersectioncurve in theparameter

domainsof thetwo surfaces,andthenseekssurfaceperturbationsthatwill cause
the imagesof theseapproximationsin �

3 to agreeexactly. Anotherapproachis
to �rst approximatetheintersectionin �

3, andthen�nd surfaceperturbationsthat
will causecurvesof appropriatedegreein the surfaceparameterdomainsto be
mappedto this curve in �

3. The lattermethodoffers fewer degreesof freedom,
but is easierto implementin simplecases— anexampleis describedin � 5.

4Note that, for given n and r, thesequantititesare “universalconstants”that may be pre–
computedin rationalarithmeticandstoredfor futureuse.
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4 Approximating the intersectionsegment

As notedabove,thecoef�cients thatde�ne theparameter–domainapproximations
(1) and(2) of theintersectionsegmentshouldbedeterminedprior to applyingthe
surfaceperturbationscheme.Themostbasicrequirement,which canbesatis�ed
by linear

�

m � 1� approximationsin the surfaceparameterdomains,is that of
end–pointinterpolation:

s0 � t0 � u0 � v0 � 0 and sm � tm � um � vm � 1 �

To obtaina G1 piecewise approximationof the intersection,we may interpolate
endtangents.If s

�

x � , t
�

x � andu
�

x � , v
�

x � de�ne theexact intersection,it hasthe
spatialparameterization

r
�

x � � p
�

s
�

x � 	 t
�

x � � � q
�

u
�

x � 	 v
�

x � ��	 x 
�� 0 	 1 ���

Denotingderivativeswith respectto x by primes,wehave

r � � pss�

�

ptt � � quu�

�

qvv� 	 (9)

andtaking the dot productsof the above expressionswith ps � pt andqu � qv,
respectively, weobtaintheratios

s� : t � � �

�

qu � qv � � pt :
�

qu � qv � � ps 	

u� : v�
� �

�

ps � pt � � qv :
�

ps � pt � � qu �

Substitutingtheseexpressionsinto (9) andusing standardvector identities,we
have

r ��� c
�

ps � pt ���

�

qu � qv � (10)

for c
�

� 0, i.e., thedirectionof thecurve tangentis thecrossproductof thesurface
normals.Theparameterc maybeusedto �x themagnitudesof

�

s
�

	 t
�

� and
�

u
�

	 v
�

�

asfollows. Let

L �

�

r
�

1� � r
�

0�

�

�

�

p
�

1 	 1� � p
�

0 	 0�

�

�

�

q
�

1 	 1� � q
�

0 	 0�

�

bethechordlengthof theintersectioncurvesegment.Theactualvaluesof
�

s
�

	 t
�

�

and
�

u
�

	 v
�

� at x � 0 andx � 1 aredeterminedby requiringthat

�

r �

�

0�

�

�

�

r �

�

1�

�

� kL

11



wherek is a factor, somewhatgreaterthan1, allowing for thegreaterlengthof the
intersectioncurvesegmentthanthechordbetweentheendpoints.Weobtain

c �

kL
�

�

ps � pt ���

�

qu � qv �

�

	 (11)

andhencethedesiredvaluesof theend–derivativesare

�

s� 	 t � � � kL �

�

�

qu � qv � � pt 	

�

qu � qv � � ps�

�

�

ps � pt ���

�

qu � qv �

�

	

and

�

u� 	 v� ��� kL �

�

�

ps � pt � � qv 	

�

ps � pt � � qu �

�

�

ps � pt ���

�

qu � qv �

�

	

wherethesurfacederivativesareevaluatedat
�

s	 t 	 u 	 v� �

�

0 	 0 	 0 	 0� if x � 0, and
at

�

s	 t 	 u 	 v���

�

1 	 1 	 1 	 1� if x � 1. Whenm � 3, for example,thecoef�cients of
s

�

x � in (1) arethusgivenby

s0 � 0 	 s1 � 0
�

s
�

�

0�

3
	 s2 � 1 �

s
�

�

1�

3
	 s3 � 1 �

Analogousexpressionshold for thecoef�cients of t
�

x � , u
�

x � , v
�

x � .
Onemay, in principle,usehigher–orderapproximationsfor (1) and(2), taking

advantageof theadditionaldegreesof freedomto interpolatefurthergeometrical
propertiesof the intersectioncurve. Second–orderdifferentialpropertiesmaybe
derivedby consideringtheexpressions

r � � � pss� �

�

ptt � �

�

psss�

2 �

2psts� t �

�

pttt �

2

� quu� �

�

qvv� �

�

quuu�

2 �

2quvu� v�

�

qvvv�

2
�

Itermediatepointdatamayalsobeinterpolatedorapproximatedbyaleast–squares
method.See[20] for furtherdetailson approximatingintersectionsegments.

5 Illustrati ve implementation

Implementationof the perturbationscheme,asdescribedabove, is a substantial
taskthat shouldbesupportedby a carefulanalysisof theconditionof the linear
systemandoptimal strategiesto bestutilize the residualdegreesof freedom. A
thoroughtreatmentof theseissuesis deferredto a future study: we con�ne our
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attentionhereto implementationof a simpleinstanceof theperturbationscheme,
usingbicubic displacementmaps. This exampleillustratesthe basicprinciples,
andadmitsasimpleclosed–formsolutionfor therequiredsurfaceperturbations.

Thecontext for this implementationis theintersectionof two bicubicsurface
patches,de�ned by

p
�

s	 t � �

3

å
j � 0

3

å
k� 0

p jkb
3
j

�

s� b3
k �

t � 	 q
�

u 	 v���

3

å
l � 0

3

å
m� 0

qlmb3
l �

u� b3
m

�

v�

for
�

s	 t ��
 � 0 	 1 � � � 0 	 1 � and
�

u 	 v��
 � 0 	 1 � � � 0 	 1 � , respectively. Themethodcan
alsobegeneralizedto rationalbicubicsby working in projective4–space.

We assumethe pre–processingstepsof � 2 have beeninvoked,so that p
�

s	 t �

and q
�

u 	 v� intersectin a single curve segment,extendingfrom
�

0 	 0� to
�

1 	 1�

in the parameterdomainof eachsurface. The portion of p
�

s	 t � boundedby the
intersectioncurve and the patchsidess � 0 and t � 1 is to be trimmed away.
Similarly, theportionof q

�

u 	 v� boundedby theintersectionandu � 0 andv � 1 is
to betrimmedaway. In thesurfaceparameterdomains,we shallusethesimplest
possibleapproximationfor the intersectioncurve — namely, the diagonalline
segmentde�ned by

s
�

x � � t
�

x � � x and u
�

x ��� v
�

x ��� x � (12)

Note that the imagesof theseapproximationsin �

3 underthe vectormappings
p

�

s	 t � andq
�

u 	 v� arepolynomialcurvesof degree6.
Formally, we only requireC0 continuityof theretainedportionof p

�

s	 t � with
adjacentpatchesalong the sidess � 1 and t � 0, and likewise for the q

�

u 	 v�

alongthesidesu � 1 andv � 0. In practice,however, we usuallyobtainnear–G1

continuity— discrepanciesin thetangent–planeorientationareusually � 1 � , and
this error canbe further reducedby increasingthe number(anddecreasingthe
size)of thedisplacementmaps.

To obtaina simpleclosed–formsolutionfor the control–pointperturbations,
we useanapproachslightly differentfrom thatof � 3. Namely, we �rst construct
anapproximationof degree6 to thetrueintersectionsegmentin �

3, andwe then
forcetheimagesof theparameter–domainapproximations(12) to agreewith this
curve in �

3 by perturbingthe surfacecontrol points. This hasthe advantageof
decouplingtheperturbationsfor thetwo surfaces,andallowsusto ensurethatthe
approximationsatis�esa prescribedgeometricaltolerance.Supposetheapproxi-
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mateintersectionis givenby

r
�

x ���

6

å
i � 0

r ib6
i

�

x ��� (13)

By construction,we have r
�

0� � r 0 � p00 � q00 andr
�

1� � r6 � p33 � q33 as
endpoints. For endtangents,we use(10) evaluatedat

�

s	 t � �

�

u 	 v���

�

0 	 0� and

�

1 	 1� . Thus,for suitablechoicesof k in (11), the �rst and�fth controlpointsof
r

�

x � aregivenby

r1 � r0
�

r
�

�

0�

6
and r5 � r6 �

r
�

�

1�

6
�

Theintermediatecontrolpointsr 2 	 r3 	 r4 aretypically �x edthroughaleast–squares
�t of r

�

x � toseveral(typically10)pointssampledalongthetrueintersectioncurve.
Themethodof [24] is usedto assignparametervaluesin this �tting process.

Considernow theerror curvesde�ned for eachsurfaceby

ep
�

x � � r
�

x � � p
�

x 	 x ��	 eq
�

x ��� r
�

x � � q
�

x 	 x � (14)

— i.e., the differencesbetweenthe approximateintersectioncurve (13) andthe
imagesof theparameter–domaincurves(12) in �

3. In orderfor the lattercurves
to coincidewith theformer, wemusthaveep

�

x �

� 0 andeq
�

x �

� 0. Notethatthe
two error curves(14) areof degree6 — we shall denotetheir control pointsby
ep0 	 � � � 	 ep6 andeq0 	 � � � 	 eq6.

Now thecontrolpointsof theerrorcurveep
�

x � aregivenby

epi � r i �

min� i � 3�

å
j � max� 0 � i � 3�

�

3
j �

�

3
i � j �

�

6
i �

p j � i � j 	 i � 0 	 � � � 	 6 	

andsimilarly for eq
�

x � , with p j � i � j replacedby q j � i � j . In particular, ep0 � ep6 � 0
by construction,andtheremainingcontrolpointsare

ep1 � r1 �

p01
�

p10

2
	

ep2 � r2 �

p02
�

3p11
�

p20

5
	

ep3 � r3 �

p03
�

9
�

p12
�

p21 �

�

p30

20
	

ep4 � r4 �

p13
�

3p22
�

p31

5
	

ep5 � r5 �

p23
�

p32

2
�

14



Similarly for thecontrolpointsof eq
�

x � .
The imagein �

3 of the parameter–domaincurve
�

s
�

x � 	 t
�

x � � de�ned by (12)
will matchtheapproximateintersectioncurve (13)exactly if wecanensurethat

ep1 � ep2 � ep3 � ep4 � ep5 � 0 � (15)

To satisfy theseconsistency conditions,we useperturbedcontrol points p̃ jk �

p jk
�

Dp jk. The sameapproachis alsousedfor the surfaceq
�

u 	 v� . Under the
appropriateperturbations,theperturbedsurfaceswill satisfy

p̃
�

s
�

x � 	 t
�

x � �

� q̃
�

u
�

x � 	 v
�

x � �

� r
�

x ���

Now sincetheconsistency conditions(15)amountto � ve(vector)constraints,we
perturbonly the� veboundarycontrolpoints

p01 	 p02 	 p03 	 p13 	 p23 � (16)

Thesepointshave leastin�uence on the retainedportionof the trimmedsurface
alongthesidess � 1, t � 0 adjacentto otherpatchesof theparentsurface.Thus,
althoughwe formally imposeonly C0 continuity along thesesides,in practice
thedeparturefrom C1 continuitywill typically bequitesmall. Thecontrolpoint
perturbationsfor q

�

u 	 v� aretreatedin exactly thesamemanner.
On replacingp jk by p jk

�

Dp jk in equations(15), andassumingthattheonly
non–zeroperturbationsarethoseassociatedwith theboundarycontrolpoints(16),
weobtaintherequiredperturbationsexplicitly as

Dp01 � 2r1 �

�

p01
�

p10 ��	

Dp02 � 5r2 �

�

p02
�

3p11
�

p20 ��	

Dp03 � 20r3 �

�

p03
�

9p12
�

9p21
�

p30��	

Dp13 � 5r4 �

�

p13
�

3p22
�

p31 ��	

Dp23 � 2r5 �

�

p23
�

p32 ��� (17)

Therequiredperturbationsfor thecontrolpointsof q
�

u 	 v� aregivenby analogous
expressions.Note that, if onesurfaceis planarandtheapproximateintersection
curve(13) is alsoplanar, theseperturbationswill not compromisetheplanarity.

Thestrategy for determiningtheunknown coef�cients of (13) andthecontrol
pointperturbationsis asfollows. TheperturbationsDp01 andDp23 (andalsoDq01
andDq23) dependon the unknown scalark in (10). Valuesarechosenfor this
parameterto minimize the discrepancy in surfacenormalsalong the sidess �

15



1 and t � 0, wherethe trimmed patchis contiguouswith other patchesof the
parentsurface(likewisealongthesidesu � 1 andv � 0 of theotherpatch).Once
appropriatek valuesarefound in this manner, r 1 andr5 areknown, andwe can
obtainDp01 andDp23 from (17); likewise Dq01 andDq23 for the othersurface.
Knowing r0, r1 andr5, r6 theintermediatecoef�cients r2, r3, r4 arecomputedby
the least–squares�t, andthe remainingperturbationsDp02, Dp03, Dp13 canthen
befoundfrom (17); likewisefor Dq02, Dq03, Dq13.

Figure3: Resultsfrom applyingthesurfaceperturbationschemeto thepatchesin
Figure2 over thedomainrectangleCD. ColorsindicatetheHausdorff measureof
theperturbationerror.

Figure4: Resultsfrom splitting thesurfaceperturbationdomainsof Figure3 in
half (left) andin quarters(right).

Resultsfrom animplementationof theabove schemeareshown in Figures3
and4. This exampleemploys thepatchesof Figure2, over thedomainrectangle
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CD.Figure4 illustrateshow theapproximationerrorcanbebefurthersubduedby
splitting theperturbationdomains.Thesolidblueregionsarenotperturbedatall.
By usinga greaternumberof smallerperturbationdomains,theHausdorff error
diminishesrapidly. For computergraphicsapplications,the singleperturbation
shown in Figure3 will probablysuf�ce.

Figure5: A “watertight”planesectionof theUtahteapot.

Figure6: Resultsfrom splitting in half theperturbationdomainsin Figure5.

The examplein Figure5 shows the teapotslicedby a plane,with the log of
the Hausdorff erroragainpaintedon thepatches.The error regionsindicatethe
boundariesof theteapotpatchesthatareintersectedby theplane.Figure6 shows
whathappensto theerrorwhentheperturbationdomainsarecut in half. Observe
thatthereis noHausdorff errorontheplane:it is perturbedin plane.Theexample
in Figure7 showstheteapotslicedby abicubicpatchwith theinitial perturbation
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domains.Theerrorcanbereducedbelow any prescribedtoleranceby re�ning the
perturbationdomains.

Figure7: A “watertight”intersectionbetweentheUtahteapotandabicubicpatch.

Theperturbationmethodcanalsobeadaptedto accommodaterationalbicubic
surfacepatches,with theintersectionapproximatedby a rationalcurve of degree
6. Interpretingthe control points and their perturbationsasvectorsin �

4, one
canavoid the degree–doublingthat usuallyoccursin the subtractionof rational
functionswith differentdenominators.It is alsonecessaryto matchthe weights
of the commonsub–patchcornercontrol points; this canbe accomplishedby a
suitablere–parameterizationof thesurfaces.

6 Closure

A generalschemefor thetopologicallyconsistentrepresentationof trimmedfree–
form surfaceshasbeenpresented,basedon �nding suitableperturbationsof the
surfacesthatensureexactmatchingin �

3 of theimagesof theparameter–domain
trim curves.Theseperturbationscanbefoundby solvinga linearsystem.

An implementationof asimpleinstanceof thescheme,describedin � 5, offers
verypromisingresults.In thiscase,thedisplacementmapsarebicubic,andcanbe
derivedin closedform. Furthermore,planesremainplanesunderthisperturbation,
andif onesurfaceis ruledandtheothersurfaceis aplane,theintersectionis exact
andthe Hausdorff error is zero. As canbe seenin Figure4, convergenceunder
subdivision is relatively fast. Also, the algorithm runs quickly. The examples
shown take lessthanasecondof computetime.
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Higher–orderversionsof the procedurehave the potentialto offer accurate
approximationsof the intersectioncurve with fewer patches.Perturbationsthat
areC1 andC2 are also possible,using suitably high degrees. However, initial
investigationssuggestthat carefulpre–conditioningstrategiesmay be neededto
solve thelinearsystem.We hopeto reporton thesemethodsin duecourse.

Appendix: Bernsteinbasisalgorithms

All ouralgorithmsareformulatedin termsof theBernsteinbasis

bn
k

�

t ���

�

n
k �

�

1 � t �

n � ktk
	 k � 0 	 � � � 	 n �

TheBernsteinform is numericallyverystable[6, 5] andoffersgeometricalinsight
into thegraphof thefunctionor locusde�ned in termsof it [4]. Wereview herea
few basicalgorithmsfor polynomialsin Bernsteinform thatareusedextensively
in thesurfacetrimming procedure— morecompletedetails(andsoftware)may
befoundin [7, 25].

Productsof polynomials

Theproductof two Bernstein–formpolynomials

p
�

t � �

m

å
i � 0

pibm
i

�

t � and q
�

t �
�

n

å
j � 0

q jbn
j

�

t �

canbewrittenasapolynomialof degreem
�

n,

p
�

t � q
�

t � �

m� n

å
k � 0

ckbm� n
k �

t �

with Bernsteincoef�cients givenby

ck �

min � m� k �

å
r � max� 0 � k � n�

�

m
r �

�

n
k � r �

�

m� n
k �

prqk � r 	 k � 0 	 � � � 	 m
�

n �
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Compositionof polynomials

We areconcernedwith computingthe Bernsteincoef�cients of the polynomial
w

�

t ��� q
�

p
�

t � � de�ned by substitutinga polynomialu � p
�

t � into a polynomial
q

�

u� . If p
�

t � andq
�

u� areof degreem andn, respectively

p
�

t � �

m

å
j � 0

p j bm
j

�

t � and q
�

u� �

n

å
k� 0

qkbn
k

�

u��	

thenw
�

t � is evidentlyof degreemn,

w
�

t � � q
�

p
�

t � �
�

mn

å
i � 0

wi bmn
i

�

t ���

The productalgorithm [3] offers an elegantmeansof computingthe Bernstein
coef�cients w0 	 � � � 	 wmn. This algorithmpopulatesa tetrahedralarrayof numbers
h � s�

i � j asfollows. In the�rst level, s � 0, weset

h � 0�

i � 0 � qi for i � 0 	 � � � 	 n �

Theentriesfor successivelevels,s � 1 	 � � � 	 n, arethencomputedrecursively using
theformula

h � s�

i � j �

min � j � ms� m�

å
k � max� 0 � j � m�

�

ms� m
k �

�

m
j � k�

�

ms
j � �

�

1 � p j � k � h � s� 1�

i � k
�

p j � kh
� s� 1�

i � 1 � k �

for i � 0 	 � � � 	 n � s and j � 0 	 � � � 	 ms. Oncethearrayis populated,the last level
s � n containsthedesiredcoef�cients of w

�

t � :

w j � h � n�

0 � j for j � 0 	 � � � 	 mn �
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