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Abstract The quaternionrepresentatioffior spatialPythagorean—hodogragPH) curves
greatlyfacilitatesthe formulationof basicalgorithmsfor their constructiorand
manipulationsuchas rst—order Hermiteinterpolationtransformationgetween
coordinatesystemsanddeterminatiorof rotation—minimizingrames.By virtue
of their algebraicstructuresPH curesoffer uniquecomputationabdwantages
over “ordinary” polynomialcurvesin geometriadesign graphics pathplanning
andmotioncontrol,computervision, andsimilar applications We suney some
recentadwancesin theory algorithms,and applicationsfor spatialPH curves,
andpresenhew resultsontheuniquedeterminatiorof PH curvesby thetangent
indicatrix, andtheuseof generalizedtereographiprojectionasatool to obtain
deepeiinsightinto the basicstructureandpropertiesof spatialPH curves.
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frame;arclength;elasticenegy; Hermiteinterpolationtangentindicatrix.

1. Intr oduction

Pythagoreanthodogph (PH) curves[10, 19] incorporatespecialalgebraic
structureghatoffer computationahdvantagesn diverseapplicationcontets,
suchascomputeraideddesign,computergraphics computervision, robotics,
andmotioncontrol. The planarPH curvesaremostconvenientlyexpressedn
termsof acomplex variablemodel[7], which helpsfacilitatekey constructions
[1, 8, 15, 18, 24, 30]. To achieve a sufcienttand+necesay characterization
for spatialPH curves,a quaterniormodelis required[4, 11]. Our goalin this
paperis to suney new algorithmsthatemploy thisrepresentatiof8, 9, 12+14,
26]; to describenew resultson the uniquecorrespondencleetweernPH curves
andtangenindicatricesandto highlightimportantopenproblemsconcerning
thetheory constructionandapplicationof spatialPH cunes.

Amongthe key distinguishingfeaturesof any PH curve — asdistinct
from an“ordinary” polynomialcurve — we cite thefollowing:



= Thecumulatve arelength is apolynomialin the curve parameter,
andthetotal arclengthcanbe computedexactly (i.e., without numerical
quadraturepy rationalarithmeticon the curve coefcients [6].

m Integral shapemeasuressuchastheelasticenegy — theintegral of the
squareof curvature— areamenableéo exactclosedzformevaluation[8].

= PH curvesadmitreal-timeinterpolatoralgorithmsthatallow computer
numericalcontrol (CNC) machinedo accuratelytraversecurved paths
with speedsiependentipontime, arclength,or cunature[16, 21, 31].

» Theoffsets(or parallels) to ary planarPH curve admitanexactrational
parameterizatior— likewise for the “tubular” canal surfaceshat have
agivenspatialPH curve asthe“spine” curve [11, 19, 20].

= An exactderiation of rotation—minimizingrames(which eliminatethe
“unnecessary'totation of the Frenetframein the curve normalplane)
is possiblefor spatialPH curves[9] — theseinvolve logarithmicterms;
ef cient rationalapproximationsreavailable[13] asanalternatve.

»  PH cunwestypically yield “fair” interpolantqwith moreeven curvature
distributions)to discretedata— ascomparedo “ordinary” polynomial
splinesor Hermiteinterpolantq1, 8, 18, 20, 30].

Our planfor this paperis asfollows. After reviewing basicpropertief the
guaternionformulationfor spatialPH curvesin 2, we brie y summarizein
3the rsttorder Hermiteinterpolationproblemusingthis form. Computation
of rotationtminimizingframeson spatialPH curwesis thendiscussein 4. A
remarkablepropertyof PH curvesis newly identi ed in 5: they areuniquely
determinedmodulotranslatioranduniform scaling)by thetangentindicatrix,
the curve on the unit spheredescribingthe variationof the tangentvector In
6 we discussthe genealized steleagraphic projectionasa meansto obtain
deepeiinsightinto the structureof the spaceof spatialPH curves. Throughout
the paperwe identify importantopenproblemsin the theory algorithms,and
applicationf spatialPH curvesthatdesere furtherinvestigation.Finally, 7
summarizesherecentadvancesandmakessomeclosingremarks.

2. Quaternion formulation of spatial PH curves

The de ning characteristiof a Pythagoreanthodoggh curve in
is thefactthatthe coordinatecomponent®f its derivative or hodaraph
comprisea Pythagorean £tupleof polynomials—i.e.,thesumof theirsquares
coincideswith the perfectsquareof somepolynomial . Satishctionof this
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conditionrequiresthe incorporationof a specialalgebraicstructurein ,
dependenonthedimension of thespace!

Thepolynomial de nestheparametricspeedof thecurve —i.e.,
therateof change

of its arclength with respecto thecurve parameter. Thefactthat isa
polynomial(ratherthanthe square+roobf a polynomial)in is the sourceof

theadwantageougropertief PH curves.
In the planarcase( ), a sufcientzand+necessgrcondition[19] for
to be Pythagoreanwith ,

canbeexpresseds
for somepolynomials . The comple—variablemodel[7] for planar
PH curnvwessuccinctlyembodieghis condition:identifying thepoint with
the complex number , the Pythagoreamodograptstructureis ensured
by writing for ary complex polynomial
with . Thecomplex formulationgreatlysimpli es
mary basicalgorithmsg[1, 8, 15, 18, 24, 30] for planarPH curves.

In the spatialcasg ), we need four polynomialg4, 5] to characterize
the Pythagoreamatureof ahodograph . Namely
for somepolynomials , , . The quaternionformulationfor

spatialPythagoreahodographsyst introducedn [4], providesavery elegant
andsuccinctembodimenbf this structure.Quaternionsanberepresenteds

pairsof the form and where  arethescalarparts
and , arethevectorparts For brevity,
we oftensimply write  for the “pure scalar’quaternion and for the

1PH cureshave alsobeende®nedn the Minkowskimetricof relatiity theory[4, 29]: such®MPH cunes®
play animportantrole in reconstructinghe boundaryof a shaperom its medialaxistransform.

2An earlierformulation [20] emplaying only threepolynomialsprovides a suf®cient, but not necessary
characterizationf spatialPythagoreamodographgthis characterizatios notrotationzivariart).
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“pure vector” quaternion . Thesumandproductof , aregivenby
Notethatthe productis nonxcommutatie (i.e., in general).
Now if is aquaterniorpolynomial,and

is its conjugate the product

1)

generatethePHstructurean  ( or canbeinterposedetween

in placeof , yielding a permutatiorof , , : ). We mayexpress
(1) as , Where and

- - de nesaunit quaternion expressedn termsof an

angle anda unit vector . The product de nes a spatial
rotationof thebasisvector byangle  abouttheaxisvector , whilethe
factor imposesa scalingof this rotatedvector Thus,we caninterpret

theform (1) asgeneratinga spatialhodographthrougha continuousamily of
spatialrotationsandscalingsof the basisvector .

An importantfeatureof the form (1) is its structuil invariance[11] under
arbitraryspatialrotationsof the coordinatesystem® Namely if the coordinate

system is obtainedfrom by a rotationthrough
angle abouttheunit vector , thehodographn the new
coordinatesystembecomes , Where with

- - . Thecomponents, , , of canbeexpressedn

termsof thoseof in matrixform as

Adoption of the quaternionmodelfor spatialPH curves greatlyfacilitates
theformulationandsolutionof key problemsn theirconstructiorandanalysis,
andoffersnew theoreticalinsights. Comparedo the complextnumbermodel
for planarPH cunes,however, it requiresgreatercareandattentionto detail
in its use,dueto the nontcommutatie natureof the quaterniorproduct.

3This is essentiafor a characterizatiomf spatialPythagoreamodographso be suf®cient andnecessary
anddistinguisheg1) from anearlierformulation[20], which is suf®cientonly.
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3. First-order spatial PH quintic Hermite inter polants

A key algorithm[12] in the constructiorof spatialPH curvesis concerned
with the problemof rstxorder Hermiteinterpolation— i.e., interpolationof
givenendpoints , anddervatives , by aspatialPH cune for

. ThelowesttorderPH curves capableof solving this problemfor
arbitraryspatialdataare— aswith planarPH curves— quintics.Whereaghe
planarPH quintic Hermiteinterpolationproblemyieldsfour distinctsolutions
[18], interpolationby the spatialPH quinticsincursatwo—paameterfamily of
solutions[12]. The shapeof theseinterpolantamay dependathersensitvely
on thesetwo free parametersandthe questionof choosing“optimal” values
for themis still an openproblem(one possibility is to imposean additional
constraintsuchasa helicity condition[14], ontheinterpolants).

To constructspatialPH quintic Hermiteinterpolantswe begin by inserting
aquadraticquaterniorpolynomial

into therepresentatiofil). Herethe quaterniorcoefcients areto
bedeterminedy matchingheHermitedata , and , . Theconditions
, , and thusyield [12] the system
of threeequations
2
3
for , , . Thissystemmaybesolvwedby notingthattheequation
4
for agivenvector admitsaonexparametdiamily of solutions

where is afreeangularvariable.Thequaternion senesto scale/rotat¢he
basisvector intothegivenvector — theappearancef afreeparametem
thesolutionre ects thefactthat,in  , thereis a continuougamily of spatial
rotationsthatwill maponeunit vectorinto another

Equationg?2) canbesoleddirectlyfor ,  usingtheknown form of the
solutionto (4). Thesequaternionglependon free parameters, and say
Substitutingheminto (2) we maydetermine ,andhence
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usingthe solutionto (4). Again, thisincursa new free parameter— , say
Although the completesolutionincursthreeindeterminateangularvariables
, ., ,cCloseinspectionreveals[12] thatthe Hermiteinterpolantsdepend

only uponthedifferencesf theseangles.Hence we maytake without
lossof generalityandtheHermiteinterpolantdso , and , comprisea
twoxparametefamily. Once areknown, the Beziercontrol points

of theinterpolantaregivenby

with  beinganarbitraryintegrationconstantExamplesof spatialPH quintic
Hermiteinterpolantsfor specic , valuesareshovnin Figurel.

Figurel. Examplesof spatialPH quinticsconstructeds rst—order Hermiteinterpolants.

A challengingopenproblemis to generalizehe formulationand solution
of the twoxpointHermiteinterpolationto the smoothinterpolationof
points in by spatialPH quintic splines.In the planarcase,
the PH splineproblemincurssolutionof a“tridiagonal” systenmof — quadratic
equationdn  complex unknavns. An analogousjuaternionsystemcanbe
formulatedn thespatialcasd17]. In attemptingo solweit, however, onemust
take full accounbf thenontcommutatie natureof thequaterniorproduct,and
theresidualfreedomsassociatedavith eachsplinesegment.
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4. Rotation—minimizing frames on spatial PH curves

An adaptedramealongaspacecurne isarightthandedystenof three
mutually orthogonalunit vectors of which is thetangent
vectorand , spanthenormalplaneat eachpoint suchthat :
Themostfamiliarexampleis theFrenetframe comprisinghetangent,
normal (pointingto the centerof curvature),andbinormal . The
variationof the Frenetframewith arclengthis described28] by theequations

— — — ®)
wherethe Darbouxvectoris givenin termsof thecunature andtorsion by

(6)

Equationg5) characterizéhe instantaneousariationof the Frenetframeasa
rotationaboutthevector , atarategivenby the“total cunature”

However, the Frenetframeis oftenunsuitableor useasanadaptedramein
applicationssuchasgeometricdesign,computergraphics,animation,motion
planning,androbotics.Thevectors donot,in generalhave arational
dependencen the curne parameter, andatin ection points(where )

and maysuffer suddennversions.Furthermorethecomponent of the
instantaneousotationvector (6) corresponds$o an “unnecessaryftotationin
the curve normalplane,thatyieldsundesirableesultsin computeranimation,
sweptsurfaceconstructionsand motion planning. Among the mary adapted
frameg[2] onaspacecurne, Klok [27] suggestsherotation—minimizingrame
(RMF) asthemostsuitablefor suchapplicationsThe RMF is de ned soasto
“cancel’the  componenbf therotationvectorby setting

wheretheangularfunction is de ned* [22] by

()

Becausehis integral doesnot admit a closed+formreductionfor “ordinary”
polynomialandrationalcurves,schemedave beenproposedo approximate

4An incorrectsign beforetheintegral is givenin [22].
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RMFsorto approximatagivencurvesby “simple” segmentge.g.,ciculararcs)
with knovn RMFs|[23, 25, 26, 33].

For PH cunes, the integrandin (7) is a rational functionandthusadmits
closed+formintegration[9]. A simpli cation of thisintegral ariseshroughthe
factthatPH curvesexhibit theremarkabldactorization

where , and isthepolynomialde ned by

Thus,for aPH cune, we have

For PH quintics, is of degree6, while and arebothquartic
in . Thelattermustbefactorizedto performa partial fractiondecomposition
of theintegrand:this canbeaccomplishedby Ferraris method32]. Complete
detailson the closedxformintegrationof this equatiormaybefoundin [9].

Figure2. Comparisorof Freneframe(left), Eule-Rodriguesrame(center) andtherational
approximationof rotation—minimizingframe (right) on a spatial PH quintic (for clarity, the
tangentvectoris omitted). Notethe sudderreversalof the Frenetframeat thein ectionpoint.

Sincetheintegralin (7) involvesrationalandlogarithmicterms,we describe
in [13] analternatve rationalapproximatiorschemebasedn the equation
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characterizinghe variationof the RMF relative to the Eule—Rodriguedrame
(ERF),de ned[3] by

The ERFis arationaladaptedramede ned on spatialPH curves. In Figure2
we comparethe Frenetframe, ERF, andrational RMF approximationon an
in ectional PHquintic— thesuperiotbehaior of theRMF is clearlyapparent.

A naturalquestionis when(or whether)onecanhave arational RMF on a
givennonzplanapolynomialcurve. Notethatthe curve mustbea PH curwe to
have arationaladaptedrame,sinceonly PHcurveshaverationalunittangents.
A partialanswel3] to this questioncanbegivenin termsof the ERF, de ned
abore — the minimum degree of nontplanarPH curves that have rotationt
minimizing ERFsis seven.

5. Tangentindicatrix uniquely determinesPH curves

Thehodograph of a parametriccune canbe expressedsthe product
of ascalarmagnitudeanda unit vector

bothdependenbnthecurve parameter. As notedabove, is the
parametricspeedthe dervative of arclength with respecto ). Thevector
tracesalocusontheunit spherethetangentindicatrix of the
curve. Whereashe parametricspeedspeci esthemagnitudeof thehodograph
ateachpoint, thetangentndicatrix indicatests direction Integrationof
a hodograplyields a uniquecurve, moduloa translationcorrespondingo the
integrationconstantWe will shaw that,for PH curves, playsa somevhat
redundantolein thedeterminatiorof acurve fromits hodograph —
is uniguelydeteminedmodulouniform scaling)by thetangentindicatrix only.
This propertydistinguishe$H curvesfrom “ordinary” polynomialscurves,
for which boththe parametricspeedandtangenindicatrixin uence theshape
of the curve obtainedby integration of the hodograph
Two ordinarypolynomialcurveswith the sametangenindicatrix but dlfferent
parametricspeeddave, in general quite differentshapes Note alsothat, for
PH cures, the tangentindicatrix is arational curve onthe
unit spheresince is a polynomial (whereasfor an ordinarypolynomial
cunwe, it is thesquareroot of apolynomial,andhence  is notrational).

Propositionl. Let betwo polynomialPH curveswhosehodgraphs

haverelatively prime components.If thesecurvespossesshe sametangent

indicatrix, they differ by at mosta translationand uniform scaling — i.e.,
for some
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Proof. Since and areboth
PH curves,polynomials and exist suchthattheir hodographs

satisfy
Furthermoresince and arerelatively prime,
and never vanish,andwe canassume and for
all . Thetangentindicatricesof and arethen and
, andif they arethe samewe musthave
We claim that dividesinto . The Propositionthenfollows, sincewe
canswaptherolesof and , andthus for some
Considerthe equation . Since is a polynomial,
eachnonzconstantactorof mustdivide into either or , andan
analogoustatemenholdsfor and . However, if we postulatehata
nonzconstantactorof dividesinto , but not , we mustconclude
thatthis factoralsodividesinto and , which contradictghefactthat
. Hencewe maydeducedhat
for some . O
Corollary 1. Givenarational curve ontheunit
sphee in satisfying , there is — modulo
uniform scaling and translation— a unique polynomial PH curve
with that has asits
tangentindicatrix.
Proof Since liesontheunitspherewe have .
Since , is never zero,andthuswe may
assume for all . Clearly for ary scalarfactor andintegration
constant
de nesaPH curwe, andthe uniquenessf , modulothe uniform scaling
andtranslation , follows from Propositionl. O

Althoughwe have phrasedhe abore resultsin termsof spatialPH cunes,
they obviously alsoapplyto planarPH curves(for which thetangenindicatrix
liesontheunit circle, ratherthanthe unit sphere).
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6. Inversion of spatial Pythagoreanhodographs

In [7] we addressethe questionof “how mary” planarPH cunesexist by
shawing that, in the plane,thein nite setsof regular PH curvesandregular
“ordinary” polynomialcurveshave the samecardinality— we canestablisha
one—to—oneorrespondencbetweertheirmembergcorrespondingurvesare
of differentdegree). This wasaccomplishedby invoking the map and
its inversein the complextvariablemodelfor planarPH cunes.

In seekingananalogousesultfor spatialPH curves,we needthe ability to
invertthemap de ned by (1) —i.e.,givenaspatialPythagorean
hodograph , wewishtoidentify thepretzimageurve(s) in quaternion
spacdhatgeneraté throughexpressior(1). In 3wegavethegenerakolution
to the analogousequation(4) for a x edvector . However, this solutionis
not appropriateo the problemof inverting (1), sinceif we replace by
it exhibitsthefactor andwe requirea polynomialpretimage

Dietz et al. [5] give a constructre proof for the existenceof polynomials

, , , satisfying(1) for agiven by invokingthegenealized
steeggraphicprojection Sinceit is not corvenientfor actuallycomputingthe
preximagepur goalhereis to rexwork this proofinto a practicalalgorithm.

Generalizedstereographicprojection

The notationin [5] differs someavhat from our quaternionmodel. In [5]
denotehomogeneousoordinatesn 3+xdimensionaprojectve
realspace ,andthehodograph is mappedo its
tangenitndicatrix by the correspondence , , ,
The generalizedstereographi@rojection mapspoints
to points ontheunit sphergsatisfying )
accordingo

Thisis equivalentto the quaterniorformulationif we identify
and

Now supposene are given a Pythagorearodograph with relatively
prime coordinatecomponentsn . Thenthetetradmembers
are alsorelatively primein . We describehow to computea pretimage
underthe abore quadratidransformation.
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Rezxwritethe condition as

Compute in suchthat and
in

Factorize in and in

Let beafactorof in . Weclaimthat divideinto either

or , but not both. For, if dividesinto bothit mustbe a real

commonfactorof and ,but isalreadyarealcommonfactorof

and ,whichcontradictdhefactthat , , , arerelatively prime

in . Hencewe canwrite suchthatthe ‘'sare

factorsof andthe ‘'sarefactorsof

Let be a prime factordecompositiorof in (note

thatsomefactorsmay be repeated) Sincewe have alreadyremaovedall

therealfactors,thereis no pair suchthat ~— . Since isa

uniquefactorizatiordomain we canuniquelyarrangeghedecomposition

into groups and suchthatthe rst dividesinto

andthesecond . Notethatif  dividesinto , sodoes™

Fromtheprecedingwo stepswe have

and . De ning
and , one can verify that

constitutea solution (in fact
glvesthe exactform but we ignoredthe commonconstanmultiple).

For example,considerthe case

Then

and arerelatively primein , andwe have

Hence,we canset , , ,

. Then and ,

giving , , ;
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However, this solutionis notunique. In fact , , ,  wereinitially
constructedusing , , ,
. Thenontuniqueneskasalsobeennotedin the quaternion
formulation[11] — if wede ne

then , , and , , de ne thesamePH cune.
This is also apparenfrom the generalizedstereographigrojection. The
preximage of ary point on the spherecomprises
the straightline in , Where ,
and . In fact,onecanverify that

Now supposaeve haveadegreex curwe

on the unit spheresuchthat arerelatively primein . The
preximageof this curve underthe generalizedstereographigrojection,i.e.,
the set , Is clearly a ruled surfacewith basecurves
givenby and

. Notethatthesetwo basecurvesarealsoof degree
However, atheorenof Dietzetal. [5] stateghatwe canalways nd another
pair of basecurveswhosedegreeis just . If we take
, we cantake
Foreach , thefour points , , , arecollinear

7. Closure

The quaterniorformulationfor spatialPH curwes, rst introducedby Choi
etal. [4], haspaved the way for developmentof basicalgorithmsconcerned
with their constructionanalysisandapplications.In this paper we suneyed
thesenaewv developmentsandidenti ed a numberof importantopenproblems.
Comparedo planarPH curves,the constructiorof spatialPH curvestypically
incursfreeparametersA deepetheoreticaunderstandingf therole of these
parametersandtheir optimalselectionyemainsto beachieved.
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