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Abstract The quaternionrepresentationfor spatialPythagorean–hodograph(PH) curves
greatlyfacilitatestheformulationof basicalgorithmsfor their constructionand
manipulation,suchas�rst–orderHermiteinterpolation,transformationsbetween
coordinatesystems,anddeterminationof rotation–minimizingframes.By virtue
of their algebraicstructures,PH curvesoffer uniquecomputationaladvantages
over “ordinary” polynomialcurvesin geometricdesign,graphics,pathplanning
andmotioncontrol,computervision,andsimilar applications.We survey some
recentadvancesin theory, algorithms,andapplicationsfor spatialPH curves,
andpresentnew resultsontheuniquedeterminationof PHcurvesby thetangent
indicatrix,andtheuseof generalizedstereographicprojectionasa tool to obtain
deeperinsightinto thebasicstructureandpropertiesof spatialPH curves.

Keywords: Pythagorean–hodographcurves;quaternionrepresentation;rotation–minimizing
frame;arclength;elasticenergy; Hermiteinterpolation;tangentindicatrix.

1. Intr oduction

Pythagorean±hodograph (PH) curves[10, 19] incorporatespecialalgebraic
structuresthatoffer computationaladvantagesin diverseapplicationcontexts,
suchascomputeraideddesign,computergraphics,computervision, robotics,
andmotioncontrol. TheplanarPH curvesaremostconvenientlyexpressedin
termsof acomplex variablemodel[7], whichhelpsfacilitatekey constructions
[1, 8, 15, 18, 24, 30]. To achieve a suf�cient±and±necessary characterization
for spatialPH curves,a quaternionmodelis required[4, 11]. Our goal in this
paperis to survey new algorithmsthatemploy this representation[3, 9, 12±14,
26]; to describenew resultson theuniquecorrespondencebetweenPHcurves
andtangentindicatrices;andto highlight importantopenproblemsconcerning
thetheory, construction,andapplicationsof spatialPHcurves.

Amongthekey distinguishingfeaturesof any PH curve ������� — asdistinct
from an“ordinary” polynomialcurve — wecite thefollowing:
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Thecumulative arelength �

����� is apolynomialin thecurve parameter� ,
andthetotalarclengthcanbecomputedexactly(i.e.,withoutnumerical
quadrature)by rationalarithmeticon thecurve coef�cients [6].

Integral shapemeasures,suchastheelasticenergy — theintegral of the
squareof curvature— areamenableto exactclosed±formevaluation[8].

PH curvesadmitreal–timeinterpolatoralgorithmsthatallow computer
numericalcontrol (CNC) machinesto accuratelytraversecurved paths
with speedsdependentupontime,arclength,or curvature[16, 21,31].

Theoffsets(or parallels) to any planarPH curve admitanexactrational
parameterization— likewise for the“tubular” canal surfacesthathave
agivenspatialPHcurve asthe“spine” curve [11, 19,20].

An exactderivationof rotation–minimizingframes(which eliminatethe
“unnecessary”rotationof the Frenetframein the curve normalplane)
is possiblefor spatialPH curves[9] — theseinvolve logarithmicterms;
ef�cient rationalapproximationsareavailable[13] asanalternative.

PH curvestypically yield “f air” interpolants(with moreevencurvature
distributions)to discretedata— ascomparedto “ordinary” polynomial
splinesor Hermiteinterpolants[1, 8, 18,20,30].

Ourplanfor thispaperis asfollows. After reviewing basicpropertiesof the
quaternionformulationfor spatialPH curves in

�

2, we brie�y summarizein
�

3 the�rst±order Hermiteinterpolationproblemusingthis form. Computation
of rotation±minimizingframesonspatialPHcurvesis thendiscussedin

�

4. A
remarkablepropertyof PH curvesis newly identi�ed in

�

5: they areuniquely
determined(modulotranslationanduniformscaling)bythetangentindicatrix,
thecurve on theunit spheredescribingthevariationof the tangentvector. In

�

6 we discussthe generalizedstereographic projectionasa meansto obtain
deeperinsightinto thestructureof thespaceof spatialPHcurves.Throughout
thepaperwe identify importantopenproblemsin the theory, algorithms,and
applicationsof spatialPHcurvesthatdeserve furtherinvestigation.Finally,

�

7
summarizestherecentadvancesandmakessomeclosingremarks.

2. Quaternion formulation of spatial PH curves

The de�ning characteristicof a Pythagorean±hodograph curve � ��� � in ���

is thefact thatthecoordinatecomponentsof its derivative or hodograph ��� �����

compriseaPythagorean� ±tupleof polynomials— i.e.,thesumof theirsquares
coincideswith theperfectsquareof somepolynomial �

��� � . Satisfactionof this
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conditionrequiresthe incorporationof a specialalgebraicstructurein � � ��� � ,
dependenton thedimension� of thespace.1

Thepolynomial �

����� de�nes theparametricspeedof thecurve ����� � — i.e.,
therateof change

���

�

�

�

�

of its arclength � with respectto thecurve parameter� . Thefactthat �

��� � is a
polynomial(ratherthanthesquare±rootof a polynomial)in � is thesourceof
theadvantageouspropertiesof PHcurves.

In the planarcase( ����� ), a suf�cient±and±necessary condition[19] for
� � �����

�

��� � ��� �	��
 � ��� ��� to be Pythagorean,with ��
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��� � ��� �	��
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for somepolynomials&

����� , * ��� � . Thecomplex–variablemodel[7] for planar
PHcurvessuccinctlyembodiesthiscondition:identifyingthepoint ���0��
 � with
thecomplex number�1�324
 , thePythagoreanhodographstructureis ensured
by writing � � ��� �

�65

� ����� for any complex polynomial 5
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with ��


�

�

&

��� �	��* ��� ���

�8
������������9� . Thecomplex formulationgreatlysimpli�es
many basicalgorithms[1, 8, 15,18,24,30] for planarPHcurves.

In thespatialcase( �:�-; ), weneed2 four polynomials[4, 5] to characterize
thePythagoreannatureof ahodograph�
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for somepolynomials &

����� , * ��� � , ? ����� , B ��� � . The quaternionformulationfor
spatialPythagoreanhodographs,�rst introducedin [4], providesaveryelegant
andsuccinctembodimentof this structure.Quaternionscanberepresentedas
pairsof the form MN�

�POA��Q � and RS�

�UTV��W � where OA�XT arethescalar parts
and Q

�

O�Y�Z��@O9[]\A�^O,_4` , W

�

T	Y�Z4�@T	[G\a�@Tb_4` arethevectorparts. For brevity,
we oftensimply write O for the “pure scalar”quaternion�POc�Xd � and Q for the

1PHcurveshavealsobeende®nedin theMinkowskimetricof relativity theory[4, 29]: suchªMPHcurvesº
playanimportantrole in reconstructingtheboundaryof ashapefrom its medialaxistransform.
2An earlier formulation [20] employing only threepolynomialsprovides a suf®cient, but not necessary,
characterizationof spatialPythagoreanhodographs(thischaracterizationis not rotation±invariant).
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“purevector”quaternion��� ��Q � . Thesumandproductof M , R aregivenby

M

�

R �

�PO �LT ��Q � W �A�

M RL�

�PO,T ( Q��VW7��O W �LTaQ � Q�� W ���
Notethattheproductis non±commutative (i.e., R7M	� �'M R in general).

Now if M

�����

� &

��� ��� * ��� �]Z � ? ��� � \��:B �����G` is aquaternionpolynomial,and
M�
 ��� �

�'&

��� �.(+* �����]ZJ( ? ����� \ ( B �����G` is its conjugate, theproduct
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�
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generatesthePHstructurein �
� (\ or ` canbeinterposedbetweenM

��� � , M�
 �����

in placeof Z , yieldingapermutationof &

����� , * ����� , ? ����� , B ��� � ). Wemayexpress
(1) as �

�
�����

��� M

����� � ��� ��� � Z � 
 ��� � , where � M

��� � � �

�6M

�����

M 
 ����� and � ��� �

�

�


������
��� ��� �	�

�

2

���
��� ��� ��� ������� de�nesa unit quaternion, expressedin termsof an

angle � ��� � anda unit vector � ��� � . Theproduct� ��� � Z � 
 ��� � de�nes a spatial
rotationof thebasisvector Z by angle� ��� � abouttheaxisvector � ����� , while the
factor � M

����� � � imposesa scalingof this rotatedvector. Thus,we caninterpret
theform (1) asgeneratinga spatialhodographthrougha continuousfamily of
spatialrotationsandscalingsof thebasisvector Z .

An importantfeatureof theform (1) is its structural invariance[11] under
arbitraryspatialrotationsof thecoordinatesystem.3 Namely, if thecoordinate
system �� �

� ��0� �
 � �< � is obtainedfrom �

�

��� ��
A��< � by a rotation through
angle � abouttheunit vector � � �

Y
Z �
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[
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_
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Adoptionof the quaternionmodelfor spatialPH curvesgreatlyfacilitates
theformulationandsolutionof key problemsin theirconstructionandanalysis,
andoffersnew theoreticalinsights.Comparedto thecomplex±numbermodel
for planarPH curves,however, it requiresgreatercareandattentionto detail
in its use,dueto thenon±commutative natureof thequaternionproduct.

3This is essentialfor a characterizationof spatialPythagoreanhodographsto be suf®cient andnecessary,
anddistinguishes(1) from anearlierformulation[20], which is suf®cientonly.
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3. First-order spatial PH quintic Hermite interpolants

A key algorithm[12] in theconstructionof spatialPH curvesis concerned
with the problemof �rst±order Hermiteinterpolation— i.e., interpolationof
givenendpoints ��� , � � andderivatives ��� , � � by a spatialPH curve � ��� � for

���
E

� ���aI . The lowest±orderPH curvescapableof solving this problemfor
arbitraryspatialdataare— aswith planarPHcurves— quintics.Whereasthe
planarPHquintic Hermiteinterpolationproblemyieldsfour distinctsolutions
[18], interpolationby thespatialPHquinticsincursa two–parameterfamilyof
solutions[12]. Theshapeof theseinterpolantsmaydependrathersensitively
on thesetwo free parameters,andthe questionof choosing“optimal” values
for themis still an openproblem(onepossibility is to imposean additional
constraint,suchasahelicity condition[14], on theinterpolants).

To constructspatialPH quintic Hermiteinterpolants,we begin by inserting
aquadraticquaternionpolynomial

M

��� �

��M�� �	� ( � �

�

�

M � �

�	� ( ��� � �

M

�

�

�

into therepresentation(1). Herethequaternioncoef�cients M
� �

M � �

M

�

areto
bedeterminedby matchingtheHermitedata��� , ��� and � � , � � . Theconditions

� � ��� �

�
��� , � � �	� �

��� � , and � �� � � ��� �

�

�

��� � ( ��� thusyield [12] thesystem
of threeequations
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�

�

M

�

Z

M


� � (3)

for M�� , M � , M

�

. This systemmaybesolvedby notingthattheequation

M

Z

M



��� (4)

for agivenvector �+� � � � ������� ��� � admitsaone±parameterfamily of solutions

M

� � �

��� �
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�	� � � � � � �"! (

�

2

��� �


���� � �UZ����9\ �#��` �J�
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2

� � �$� \ (%��` �� � � &
where � is a freeangularvariable.ThequaternionM servesto scale/rotatethe
basisvector Z into thegivenvector � — theappearanceof a freeparameterin
thesolutionre�ects thefactthat,in � � , thereis a continuousfamily of spatial
rotationsthatwill maponeunit vectorinto another.

Equations(2) canbesolveddirectlyfor M'� , M

�

usingtheknown form of the
solutionto (4). Thesequaternionsdependon freeparameters,� � and �

�

say.
Substitutingtheminto (2) wemaydetermine;DM(� �(�

M � �

;DM

�

, andhenceM � ,



6

usingthesolutionto (4). Again, this incursa new freeparameter— � � , say.
Although the completesolution incurs threeindeterminateangularvariables� � , � � , � �

, closeinspectionreveals[12] that theHermiteinterpolantsdepend
only uponthedifferencesof theseangles.Hence,wemaytake � � �

� without
lossof generality, andtheHermiteinterpolantsto � � , � � and ��� , � � comprisea
two±parameterfamily. Once M � �

M � �

M

�

areknown, theBeziercontrolpoints
of theinterpolantaregivenby

� � � ��� �

�� M�� Z

M


� �
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� � � �

�� � �
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� Z
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� � � �
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�
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���
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 � �
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�

Z
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� �A�

� � � � � �

�� � �

M � Z
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�

�

M

�

Z
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 � �A�

��� � � � �

�� M

�

Z

M



�

�

with � � beinganarbitraryintegrationconstant.Examplesof spatialPHquintic
Hermiteinterpolants,for speci�c � � , �

�

values,areshown in Figure1.

Figure 1. Examplesof spatialPHquinticsconstructedas�rst–order Hermiteinterpolants.

A challengingopenproblemis to generalizethe formulationandsolution
of the two±pointHermiteinterpolationto the smoothinterpolationof

�
� �

points ��� � � � �V� ��� in � � by � � spatialPH quintic splines.In theplanarcase,
thePHsplineproblemincurssolutionof a“tridiagonal” systemof

�
quadratic

equationsin
�

complex unknowns. An analogousquaternionsystemcanbe
formulatedin thespatialcase[17]. In attemptingto solve it, however, onemust
takefull accountof thenon±commutativenatureof thequaternionproduct,and
theresidualfreedomsassociatedwith eachsplinesegment.
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4. Rotation–minimizing frameson spatial PH curves

An adaptedframealongaspacecurve ����� � is aright±handedsystemof three
mutuallyorthogonalunit vectors���9��� � ���

�

� of which � �

� ��� � � � � is thetangent
vector, and � � , � �

spanthenormalplaneat eachpoint suchthat � � ��� �

�

� .
Themostfamiliarexampleis theFrenetframe ����� �7��W � comprisingthetangent,
normal � (pointingto thecenterof curvature),andbinormal W

�

��� � . The
variationof theFrenetframewith arclengthis described[28] by theequations

� �
�

�

��� ��� �

� �
�

�

��� � � �

�

W

�

�

��� � W1� (5)

wheretheDarbouxvectoris givenin termsof thecurvature� andtorsion 	 by

� �
� W-� 	 � � (6)

Equations(5) characterizetheinstantaneousvariationof theFrenetframeasa
rotationaboutthevector � , ata rategivenby the“total curvature”�

� � ��� �
� � �

� 	 �

�
However, theFrenetframeis oftenunsuitablefor useasanadaptedframein

applicationssuchasgeometricdesign,computergraphics,animation,motion
planning,androbotics.Thevectors����� �7��W � donot, in general,havearational
dependenceon thecurve parameter� , andat in�ection points(where � �

� )� and W maysuffer suddeninversions.Furthermore,thecomponent	 � of the
instantaneousrotationvector(6) correspondsto an “unnecessary”rotationin
thecurve normalplane,thatyieldsundesirableresultsin computeranimation,
sweptsurfaceconstructions,andmotionplanning. Amongthemany adapted
frames[2] onaspacecurve,Klok [27] suggeststherotation–minimizingframe
(RMF) asthemostsuitablefor suchapplications.TheRMF is de�ned soasto
“cancel” the 	 � componentof therotationvectorby setting� �

�� ��� �

�

���� � �

2

� �
(

�

2

� � 
���� � �
� �

W � �

wheretheangularfunction � ��� � is de�ned4 [22] by

� ��� �

� � � (����� 	 �

&

� � �

�

�

&

� � �

&

� (7)

Becausethis integral doesnot admit a closed±formreductionfor “ordinary”
polynomialandrationalcurves,schemeshave beenproposedto approximate

4An incorrectsignbeforetheintegral is givenin [22].
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RMFsor to approximategivencurvesby “simple” segments(e.g.,ciculararcs)
with known RMFs[23, 25,26,33].

For PH curves, the integrandin (7) is a rational functionandthusadmits
closed±formintegration[9]. A simpli�cation of this integralarisesthroughthe
factthatPHcurvesexhibit theremarkablefactorization

� �

� � �

� � � �

� �

���
�

where� �'&

�7��*,�7�:?A� � B � , and � is thepolynomialde�ned by

�
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� �

&

B

�

(

&

�

B �

�

� ��* ?
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( *
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? �
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� ��*�B
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(+*

�

B �

�

�

�

�

&

*

�

(

&

�

*�� � ?aB

�

(^?

�

B �9I �
Thus,for aPHcurve,we have

� �
�

�

�

(

E

� � ��� � � � � � ��� �9I � � � � � ��� �

�

��� �

�
��� �

�
For PH quintics, � �

�
� �

� �
� � �

� � � is of degree6, while � and � arebothquartic
in � . Thelattermustbefactorizedto performa partial fractiondecomposition
of theintegrand:thiscanbeaccomplishedby Ferrari'smethod[32]. Complete
detailson theclosed±formintegrationof thisequationmaybefoundin [9].
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Figure2. Comparisonof Frenetframe(left), Euler–Rodriguesframe(center),andtherational
approximationof rotation–minimizingframe (right) on a spatialPH quintic (for clarity, the
tangentvectoris omitted).Notethesuddenreversalof theFrenetframeat thein¯ectionpoint.

Sincetheintegral in (7) involvesrationalandlogarithmicterms,wedescribe
in [13] analternative rationalapproximationscheme,basedon theequation

� �
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characterizingthevariationof theRMF relative to theEuler–Rodriguesframe
(ERF),de�ned [3] by� ��� �

�

M

����� Z

M 
 �����

M

�����

M 
 �����

� � ��� �

�

M

������\

M 
 ��� �

M

��� �

M 
 ��� �

� � ��� �

�

M

��� �,`

M 
 ��� �

M

�����

M 
 �����

�
TheERFis a rationaladaptedframede�ned on spatialPHcurves.In Figure2
we comparethe Frenetframe,ERF, andrationalRMF approximationon an
in�ectional PHquintic— thesuperiorbehavior of theRMF is clearlyapparent.

A naturalquestionis when(or whether)onecanhave a rational RMF on a
givennon±planarpolynomialcurve. NotethatthecurvemustbeaPHcurve to
havearationaladaptedframe,sinceonly PHcurveshaverationalunit tangents.
A partialanswer[3] to thisquestioncanbegivenin termsof theERF, de�ned
above — the minimum degreeof non±planarPH curves that have rotation±
minimizingERFsis seven.

5. Tangentindicatrix uniquely determinesPH curves

Thehodograph� � ����� of a parametriccurve canbeexpressedastheproduct
of ascalarmagnitudeandaunit vector

�

�

�����

� �

����� � �����A�

bothdependenton thecurve parameter� . As notedabove, �

��� �

� � �
�

����� � is the
parametricspeed(thederivative of arc length � with respectto � ). Thevector� �����

�

� � ��� � �
�

����� tracesalocusontheunit sphere,thetangentindicatrixof the
curve. Whereastheparametricspeedspeci�esthemagnitudeof thehodograph

� � ����� at eachpoint, thetangentindicatrix indicatesits direction. Integrationof
a hodographyieldsa uniquecurve, moduloa translationcorrespondingto the
integrationconstant.Wewill show that,for PHcurves, �

��� � playsasomewhat
redundantrole in thedeterminationof acurve from its hodograph�

�
����� — �������

is uniquelydetemined(modulouniformscaling)bythetangentindicatrix only.
ThispropertydistinguishesPHcurvesfrom “ordinary” polynomialscurves,

for whichboththeparametricspeedandtangentindicatrix in�uence theshape
of thecurve ������� obtainedby integrationof thehodograph� � ��� �

� �

��� � � ��� � .
Two ordinarypolynomialcurveswith thesametangentindicatrixbut different
parametricspeedshave, in general,quitedifferentshapes.Notealsothat, for
PH curves,thetangentindicatrix � ��� �

�

� � ��� � �
�

��� � is a rational curve on the
unit sphere,since �

����� is a polynomial(whereas,for an ordinarypolynomial
curve, it is thesquarerootof apolynomial,andhence� ����� is not rational).

Proposition1. Let ������� , �������� betwopolynomialPH curveswhosehodographs
haverelativelyprime components.If thesecurvespossessthe sametangent
indicatrix, they differ by at mosta translationand uniform scaling — i.e.,

�
�

�����

��� �� �
��� � for some� �� � .
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Proof. Since � ��� �

�

��� �����	��
 �����	��< ������� and �� ��� �

�

� �� �����	� �
 �����	� �< ��� ��� areboth
PHcurves,polynomials�

����� and �� ����� exist suchthattheirhodographs

�

�

��� �

�

���

�

��� �	��


�

��� �	��<

�

��� ���

���

� �� �

�����

�

� �� �

�����	� �
 �

�����	� �< �

��� ���

satisfy

�

���

�����0��


���

��� �J� <

���

��� �

� �

�

��� �

���

� �� ���

��� ��� �
 ���

������� �< ���

�����

� �� �

��� ���
Furthermore,since� � �����	��
 � �����	��< � ��� � and �� � �����	� �
 � �����	� �< � ��� � arerelatively prime,

�

����� and �� ��� � never vanish,andwe canassume�

��� ��� � and �� ��� ��� � for
all � . Thetangentindicatricesof ����� � and �������� arethen � �����

�

�
�

����� �
�

��� � and�� �����

� �� � ��� � � �� ����� , andif they arethesamewemusthave

�

�

�����

�

�

����� �� �
�����

�� �����

� 


�

�����

�

�

����� �
 �
�����

�� ��� �

� <

�

�����

�

�

����� �< �
��� �

�� ��� �

�
We claim that �� ��� � dividesinto �

��� � . ThePropositionthenfollows, sincewe
canswaptherolesof �

����� and �� ��� � , andthus �

��� �

��� �� ����� for some� �� � .
Considerthe equation� � �����

� �

��� � �� � ��� � � �� ����� . Since � � ��� � is a polynomial,
eachnon±constantfactorof �� ��� � mustdivide into either �

����� or �� �
��� � , andan

analogousstatementholdsfor 
 � ��� � and < � ��� � . However, if we postulatethata
non±constantfactorof �� ��� � dividesinto �� � ��� � , but not �

��� � , we mustconclude
thatthis factoralsodividesinto �
 �

����� and �< �
����� , which contradictsthefactthat

��


�

� �� � ��� �	� �
�� ��� �	� �< � �������

� 
�������������� . Hence,wemaydeducethat �

�����

��� �� ��� �

for some� �� � .
Corollary 1. Givena rationalcurve � ��� �

�

�PO ��� �	�XT ��� �	��� ������� �
�

��� � on theunit
sphere in � � satisfying ��


�

�PO ��� �	�XT �����	��� ��� ���

��
����c�������9� , there is — modulo
uniform scaling and translation— a uniquepolynomialPH curve � ��� �

�

��� ��� �	��
 ��� �	��< ��� ��� with ��


�

��� � ��� �	��
�� ��� �	��< � �������

� 
������������9� that has � ����� as its
tangentindicatrix.

Proof. Since� ��� � liesontheunit sphere,wehave O
�

��� ��� T
�

��� �����
�

��� �

� �

�
��� � .

Since ��


�

�PO ��� �	�XT �����	��� ��� ���

� 
������������9� , �

��� � is never zero,andthuswe may
assume�

��� ��� � for all � . Clearly, for any scalarfactor � �� � andintegration
constant� � ,

����� �

� � � �

����� � ��� �

�

� � � �
de�nesa PH curve, andtheuniquenessof ������� , modulotheuniform scaling�
andtranslation� � , follows from Proposition1.

Althoughwe have phrasedtheabove resultsin termsof spatialPH curves,
they obviouslyalsoapplyto planarPHcurves(for whichthetangentindicatrix
lieson theunit circle,ratherthantheunit sphere).
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6. Inversionof spatial Pythagoreanhodographs

In [7] we addressedthequestionof “how many” planarPH curvesexist by
showing that, in the plane,the in�nite setsof regular PH curvesandregular
“ordinary” polynomialcurveshave thesamecardinality— we canestablisha
one–to–onecorrespondencebetweentheirmembers(correspondingcurvesare
of differentdegree).This wasaccomplishedby invoking themap ����� � and
its inversein thecomplex±variablemodelfor planarPHcurves.

In seekingananalogousresultfor spatialPH curves,we needtheability to
invert themap M

����� � � � ��� � de�ned by (1) — i.e.,givenaspatialPythagorean
hodograph� � ��� � , wewishto identify thepre±imagecurve(s)M

��� � in quaternion
spacethatgenerateit throughexpression(1). In

�

3wegavethegeneralsolution
to the analogousequation(4) for a �x ed vector � . However, this solutionis
not appropriateto theproblemof inverting (1), sinceif we replace� by �

�
�����

it exhibits thefactor � � �

�

��� � � andwerequireapolynomialpre±imageM

��� � .
Dietz et al. [5] give a constructive proof for the existenceof polynomials

&

��� � , * ��� � , ? ��� � , B ����� satisfying(1) for agiven �
�

��� � by invokingthegeneralized
stereographicprojection. Sinceit is notconvenientfor actuallycomputingthe
pre±image,ourgoalhereis to re±work thisproof into apracticalalgorithm.

Generalizedstereographicprojection

The notationin [5] differs somewhat from our quaternionmodel. In [5]
��� � ��� � ���

�

��� � � denotehomogeneouscoordinatesin 3±dimensionalprojective
realspace�

� � , andthehodograph�
�

�����

�

���
�

��� �	��

�

��� �	��<
�

������� is mappedto its
tangentindicatrixby thecorrespondence� � � � , � � �

� � , �

�

�


�� , � � �

< � .
The generalizedstereographicprojection � mapspoints � ? � �P? � �P?

�

�P? � � �
�

� � to points ��� � ��� � ���

�

��� � � ontheunit sphere(satisfying�J� � � �a�

�

� �A� � �

�A� � )
accordingto

� � �

?

�� �K?

� � �:?

�

�

�:?

�� �

� � �-�

? � ? � (

�

?

�

? � �

�

�

�-�

? � ? � �

�

? � ?

�

�

� � �

?

� � �K?

�

�

(^?

�� (^?

�� �
This is equivalentto thequaternionformulationif we identify

���

�

��


�

��<

�

�

�

�

�

��� � ���

�

��� � ��� � � and �

&

��*A�P?0��B �

�

� ?

�

�P? � �P? � �P? � ���
Now supposewe aregiven a Pythagoreanhodograph�

�
��� � with relatively

primecoordinatecomponentsin � E

� I . Thenthetetradmembers� � ��� � ���

�

��� �
arealso relatively prime in � E

� I . We describehow to computea pre±image
? � �P? � �P?

�

�P? � undertheabove quadratictransformation.
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1 Re±writethecondition �,� � �L�a�

�

� �A� � �

�A� � as ��� � � 2 �

�

� ��� � (�2 �

�

�

�

��� � � � � � ��� � ( � � � .

2 Compute�1����


�

��� � ���

�

� in � E

�/I suchthat � � �L2 �

�

��� � ��1�L2 ��
�

� and
��


�

� �� � � ��
�

�

�

� in � E

�/I .

3 Factorize� in � E

�/I and �� � � 2 ��
�

in � E

� I .

4 Let � bea factorof � in � E

�/I . Weclaim that � divide into either � � ��� �
or � � ( � � , but not both. For, if � divides into both it mustbe a real
commonfactorof � � and � � , but � is alreadyarealcommonfactorof � �
and �

�

, whichcontradictsthefactthat � � , � � , �

�

, � � arerelatively prime
in � E

�/I . Hence,wecanwrite � ��� � � � � ��� � � � � � �

�

suchthatthe ��� 'sare
factorsof � � ��� � andthe ��� 's arefactorsof � � (+� � .

5 Let � � � � � �
	 bea primefactordecompositionof �� � � 2 ��
�

in �FE

� I (note
thatsomefactorsmayberepeated).Sincewe have alreadyremovedall
therealfactors,thereis no pair � ���� suchthat � � � ��
 . Since �FE

�/I is a
uniquefactorizationdomain,wecanuniquelyarrangethedecomposition
into groups� � � � � ��� and� � � � � ��� suchthatthe�rst dividesinto � � � � �
andthesecond� � (K� � . Notethatif ��� dividesinto � � �C� � , sodoes� � .

6 Fromtheprecedingtwosteps,wehave � � �=� � �

� � � � � � ��� �G� � � � � � � ��� � �

and � � (@� � �

�

� � � � � �

�

�G� � � � � � � � � � � . De�ning �@��� � � � � � � � � � � � � �
and � � � � � � � �

�

� � � � � ��� , one can verify that ? � ����� � � � , ? � �

��� � � � , ?

�

����� � � � , ? � ����� � � � constitutea solution(in fact ? � � � �

givestheexactform but we ignoredthecommonconstantmultiple).

For example,considerthecase

� � �"! ($# �����
;

�

�

�

�

� � ��� �

�
�

� � �

(&% �'# � (%� �

�

��� � � � �

�

�

�-�

�'# ���

�

� � ��� �

�
�

� � �-;

($# ��� �

�

�

�

� � �
Then � � and �

�

arerelatively primein � E

� I , andwehave

� � � 2 �

�

�

������� (

�

2 � �

�

� ( �7�L2 � ���.(C2 �
�

�	� (

� � ��� �

�

2 ��� � �

� � �A�

� � � � � �

���0���7�

�

2�� ����� � (

�

2 � �

�

� ( � ��2 � �

�

� ( �F(C2 ���
Hence,we canset � � �

� � � (

�

2 , �
�

� �

� (�� �'2 , � � � �

2 � � � � � � ,
�

�

�

��( 2 �	�c(
� � � �

� . Then �@�

�,� � �

�

�]�,� 2

;

�	�c( � � and� �-�

� � 2

�

�	�,� �]� � ,
giving ? � �

�
�

� , ? � �

�	� � ���

�

�
�

� � �
� , ?

�

�-;

�	� ( � � � �
� , ? � �

�
�

�	� � �
�

� .
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However, this solutionis not unique. In fact � � , � � , �

�

, � � wereinitially
constructedusing ? �K�

�=� �7� � � , ? � �

( �=�

�

� � � � , ?

�

���

( � � � � ,
? � �

�=( �)� �G� . Thenon±uniquenesshasalsobeennotedin thequaternion
formulation[11] — if wede�ne���

 
�

&

�����

�
* ��� �

�
? ��� �

�
B ��� �

!#""
$ �

���
 


����

�
(

�

2

�

� � �
�

2

�

�

����

� � �� �

����

�
�

2

�

�� � (

�

2

�

�

����

�

!#""
$
���
 

&

�����

* ��� �

? ��� �

B ��� �

!#""
$

then
�

&

��� � ,
�

* ��� � ,
�

? ��� � ,
�

B ����� and &

��� � , * ��� � , ? ��� � , B���� � de�ne thesamePHcurve.
This is also apparentfrom the generalizedstereographicprojection. The

pre±image��� � ��� � of any point � �

��� � ��� � ���

�

��� � � on thespherecomprises
the straightline ���8���	� in �

� � , where � �

���

�

� � ��� � � � � � (F� � � , � �

��� � ��� � � � � � � ���

�

� and ����� �
� . In fact,onecanverify that

� ���
� ���	� �

�N�

��� �

��� �

� ��� � ��� � � ��� � ��� � ���

�

��� � ���
Now supposewehaveadegree±� � curve � �����

�

��� � ��� �	��� � �����	���

�

�����	��� � �������

on theunit spheresuchthat � � ��� �	� � � �V��� � ����� arerelatively primein � E

�/I . The
pre±imageof this curve underthe generalizedstereographicprojection,i.e.,
theset � �
� � � � ��� ��������� � �

��� , is clearlya ruledsurfacewith basecurves
givenby � �����

�

���

�

��� �	� � ��� � ��� ���K� � �����	� (F� � ������� and � �����

�

��� � ��� �	��� � ��� ���

� � �����	� � ���

�

��� ��� . Notethatthesetwo basecurvesarealsoof degree� � .
However, a theoremof Dietzetal. [5] statesthatwecanalways�nd another

pair ��� �����	� �� ��� � � of basecurveswhosedegreeis just � . If we take � �����

�

� ? � �����	�P? � ��� �	�P?

�

��� �	�P? � ��� ��� , wecantake �� ��� �

�

�]()? � ��� �	�P?

�

��� �	� ()? � ��� �	�P? � ��� ��� .
For each� , thefour points � ����� , � ��� � , � ����� , �� ��� � arecollinear.

7. Closure

Thequaternionformulationfor spatialPH curves,�rst introducedby Choi
et al. [4], haspaved the way for developmentof basicalgorithmsconcerned
with their construction,analysis,andapplications.In this paper, we surveyed
thesenew developmentsandidenti�ed a numberof importantopenproblems.
Comparedto planarPHcurves,theconstructionof spatialPHcurvestypically
incursfreeparameters.A deepertheoreticalunderstandingof theroleof these
parameters,andtheiroptimalselection,remainsto beachieved.
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